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Abstract—This paper proposes an adaptive multiscale decompo-
sition algorithm for graph signals. We develop two types of graph
signal cost functions: a-sparsity functional and graph signal en-
tropies, to capture the energy compaction of the signal components.
The adaptive decomposition can then be constructed by applying
a minimum cost constraint during the full subband decomposi-
tion. The proposed adaptive decomposition is shown to outper-
form graph wavelet decomposition in compressing nonpiecewise
constant graph signals.

Index Terms—a-sparsity, entropy, graph Fourier transform,
graph signal cost function, graph wavelet decomposition (GWD).

1. INTRODUCTION

RAPHS are very flexible for representing many types
G of modern real-world data which naturally reside on ir-
regular domains, such as sensor networks and social networks
[1], [2]. In these occasions, data sources are represented as
vertices on a graph, and the edges are assigned weights for
measuring relationships of the vertices. Extending classical sig-
nal processing techniques for handling the graph signals have
recently received a great deal of attention [2]-[10].

Discrete wavelet transform (DWT) is one of the most success-
ful techniques in classical signal processing for time-frequency
analysis [12]. To establish a framework similar to the DWT,
graph wavelet filter banks (GWFBs), and graph downsampling
need to be carefully designed to produce multiscale decom-
position for the graph signals. Recently, GWFBs were con-
structed in [6]—[8] by applying spectral graph theory [11]. In
addition, three types of graph signal downsampling methods
were proposed: coloring-based [6], singular value decompo-
sition (SVD)-based [4], and maximum spanning tree (MST)-
based [10] downsampling. The coloring-based downsampling
method colors the vertices of a graph to generate a sequence
of bipartite subgraphs, and then applies downsampling accord-
ing to the bipartiteness. However, the coloring-based down-
sampling does not generate downsampled subgraphs, making
it impossible to generate a graph signal multiscale decomposi-
tion. The SVD-based downsampling method subtly generates
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subgraphs by polarizing the eigenvector associated with the
largest eigenvalue of the graph Laplacian. Unfortunately, the
SVD-based downsampling method does not necessarily gen-
erate connected bipartite subgraphs, and hence, the existing
GWEFBs cannot be directly applied. In contrast, MST-based
downsampling ensures that the vertices in every downsampled
subset can be reconnected as a graph. Such desirable property
makes the existing GWFBs directly applicable in each scale to
construct a multiscale graph signal decomposition. As shown
in [10], a graph wavelet decomposition (GWD) can be con-
structed by applying MST-based downsampling and GWFBs.
It was also demonstrated that GWD performs well in com-
pressing piecewise constant graph signals, because it produces
a decomposition with superior energy compaction for this type
of signal. However, for nonpiecewise constant graph signals,
GWD may not generate decomposition with good energy com-
paction, due to the fact that only low-pass components are
decomposed.

In this paper, we address the problem of adaptively decom-
posing graph signals in such a way that energy compaction is
well preserved. To this end, we develop two types of graph signal
cost functions: a-sparsity functional and graph signal entropies,
to capture the energy compaction of the signal components. We
then integrate the graph signal cost function into the full sub-
band decomposition constructed by GWFBs and MST-based
downsampling. Specifically, we construct the adaptive decom-
position of graph signals by deleting some components in the
full subband decomposition under a minimum cost constraint.
Our results show that the proposed adaptive decomposition al-
gorithms outperform GWD in compressing some nonpiecewise
constant graph signals.

The rest of this paper is organized as follows. Section II
reviews the related work. In Section III, we present defini-
tions of graph signal cost functions and the adaptive decom-
position algorithm. Section IV provides experiment results and
Section V concludes this paper.

Notations: Consider a weighted undirected graph G =
(V,E, W), where V and & denote the sets of vertices and
edges, respectively. W = (w; ;) is the weighted adjacency ma-
trix, where w; ; represents the weight assigned to the edge
e(i,j) € V. A graph G is called unweighted if w; ; =1 for
e(i,j) € V. A bipartite graph is a graph whose vertices can be
partitioned into two disjoint subsets V; and Vs, such that each
edge of G connects one vertex in V; to one in V,. The de-
gree matrix D associated with G is a diagonal matrix whose
ith diagonal element equals to the degree of vertex 1, i.e.,
D;; =d; = Zj w;;. The normalized Laplacian matrix of G
is defined as L =TI — D 2 WD~ 2. If G is a unweighted cy-
cle graph, the classical discrete Fourier transform matrix is an
eigenmatrix of L. In this case, the graph signal processing is
equivalent to the classical signal processing.
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II. RELATED WORK

In this section, we give a brief introduction to the GWFBs and
MST-based downsampling, which are the two most important
ingredients of GWD.

A. GWFBs on Bipartite Graphs

In [7], Narang and Ortega proposed to construct two-channel
biorthogonal compact support GWFBs with zero response
(zeroDC) and nonzero response (nonzeroDC) for constant sig-
nals on bipartite graphs. These GFWBs can be represented by
GraphBior(ky, k1), where ky and k; denote the number of roots
at 0 of the low-pass filters. When ky = k; = k, these filters are
simply written as GraphBior(k). Such a two-channel graph filter
bank contains four filters: the low-pass and high-pass analysis
filters Hy, H;, and the low-pass and high-pass synthesis filters
Gy, G1, as shown in Fig. 1. These filters work in a two-channel
graph filter bank to map an input graph signal f;;, to an output
signal f,,;. Here, the downsampling operators | 5y and | Sy,
respectively, keep the signal samples at low-pass and high-pass
vertices, defined by the two independent sets of the underlying
bipartite graph. Similarly, T 5, and | By are the upsampling
operators for the low-pass and high-pass channels.

B. MST-Based Downsampling

In order to apply the GraphBior GWFBs to establish a graph
signal multiscale decomposition, Nguyen and Do proposed a
downsampling method based on MSTs of the graphs [10]. A
spanning tree of graph G is a tree that contains all the vertices
and a subset of edges of G. A spanning tree is called a MST
of G if its sum of weights is maximum among all the spanning
trees of G. Suppose that 7y = (Vy, &, Wy, ) is a MST of graph
G = W, &, Wg). Define tree distance d, (¢, 7) as the number
of edges of the shortest path in 7; connecting vertices ¢ and j. Let
r € V) be the root vertex of 7y. Downsampling is implemented
by dividing V), into V; and Vy\ V1, where V; includes all the
vertices with even tree distance from r, and \ is the set subtrac-
tion operator. Namely, V, := {i € V; : dg; (i,r)iseven}. The
vertex set ) is assigned edges by connecting a vertex i # r to
its grandparent vertex with the weight given by

2
wr, (i, 90(4)) = I T ey

s G G A TE Y YR (3

where py (i) and go (i) are the parent and grandparent vertices
of 7 in 7. Repeating the vertex set bipartition and edge weights
assignments, we can produce a tree multiresolution 7y D 7; D
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Two-channel two-scale full subband wavelet filter bank.

- D 7p_1, with edge weights

. . 2
wr,, (4, 91(1) = — n I @
u;f[[(i,pl(i)) wr (p1(1),91 (7))

for i € V41, where p;(i) and ¢;(i) are the parent and
grandparent vertices of ¢ in 7.

III. ADAPTIVE DECOMPOSITION OF GRAPH SIGNALS

Since DWT in classical signal processing only decomposes
the low-pass components in each scale [13], it often does not
lead to optimal decomposition in terms of energy compaction.
For the same reason, GWD works poorly when applying to
compress many oscillatory graph signals. Motivated by the
wavelet packet theory [14] and [15], in this paper, we construct
an adaptive multiscale decomposition algorithm based on GWD
for graph signals by taking the energy compaction into account.
Specifically, our contribution is to introduce the definition of
cost functions for graph signals to characterize the energy com-
paction of the signal components. Incorporating these cost func-
tions into the full subband decomposition framework, we design
an adaptive decomposition scheme for graph signals, potentially
achieving better energy compaction performance. Fig. 2 gives
the two-scale full subband decomposition, where the red-dashed
rectangles indicate the constraints designed through the cost
functions for controlling the decomposition. Here, Hy, H; , Go,
G, the downsampling, and the upsampling operators can be
similarly defined as in Fig. 1. The graph signal cost functions and
the detailed adaptive decomposition algorithm will be discussed
below.

A. Graph Signal Cost Functions

We first discuss the graph signal cost functions to characterize
the energy compaction, which is important to decide whether
or not a signal component should be decomposed in the full
subband decomposition.

Definition III.1. A map M from a graph signal f = {f;} on
graph G to R is called an additive cost function if M(0,G) =0
and M(f7 g) = 21 M(fla g)

Specifically, we define two classes of cost functions: a-
sparsity functional and graph signal entropies.

Definition I11.2. For a graph signal f on graph G =
WV, &, W), a > 0, functional M, (f, G) defined by

Ma(£,G) == #{i: [f(D)] > a,i €V} ©)

is called the -sparsity of f, where #{-} denotes the cardinality
of a given set.
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Essentially, the a-sparsity counts the number of nonnegligible
elements, reflecting the energy compaction property.

In addition to a-sparsity functional, we also propose to use
Shannon entropy as a cost function, noticing the fact that entropy
relates to signal compressibility and hence energy compaction.
For a classical one-dimensional signal x, its Shannon entropy
is defined as [15]: H(x) = — >, p(z;)log p(x;), where log(-)
is logarithm with base 2, and p(x;) is the probability of = =
x;. Here, we define 0 - log0 = 0. Similarly, the joint Shannon
entropy [16] of two random variables X and Y is defined by
H(X,Y) = =% ;p(@i,y;)logp(xi, y;), where p(z,y) is the
joint probability distribution of X and Y.

To extend the definition of entropy to the graph signal setting,
we need to design the graph signal entropy in such a way that
both the signal and the graph it resides on are appropriately
characterized. One strategy to this end is to exploit the joint
entropy. Specifically, for a graph signal (f,G = (V, £, W)), we
define graph signal entropy with joint and separable forms as
follows.

a) Graph signal Shannon entropy:

d.
H(£.G) == 5 p(fidj)logp(fi. d;) )
ij
where p(f;, d;) is the probability that sample value f; and vertex
degree d; occur at the same vertex.
b) Graph signal separable Shannon entropy:

d:

Hs(£,9) = H( = Y F pld)logp(dy) +1)  (5)
J

where H (f) is the classical Shannon entropy of f, p(d;) is the

probability of vertex degree d = d;.

The term %’ in (4) and (5) is introduced to ensure that the
graph signal entropies reduce to classical entropies, if the under-
lying graph is the cycle graph, i.e., d; = 2 for all j. In addition,
as can be seen from (5), signal with high (low) entropy H (f)
also leads to high (low) graph entropy.

B. Adaptive Decomposition Algorithm

We now construct the adaptive decomposition algorithm for
graph signals. For a given graph signal f € R" defined on graph
G=(V,E,W),let T be the MST of G. By using the downsam-
pling and graph reduction technique presented in Section II-B,
we can decompose V into low-pass and high-pass vertex sets Z}",
where [ is the level index, and 1 < k < 2!. For each vertex set
Ilk , we apply the MST-based downsampling method to produce
the low-pass vertex set Ilzfl_ ! and the high-pass vertex set Iffl .
We then employ two-channel GraphBior GWFBs on the signal
components defined on If: f (If’), to generate the low- and the

high-pass signal children components f(Z} +k1_ ) and f(Z7F)). 1f

f(ZF) satisfies the following minimum cost constraint:

M(f(T}),G) < MF(ZPET), 6) + M(F(Z711).G)  (©)

then its children components are deleted. Otherwise, the corre-
sponding children components are kept. Here, the cost function
M(-,-) can be either the a-sparsity functional or the graph sig-
nal Shannon entropy defined in Section III-A. In other words,

this constraint controls whether or not f(Z}") should be further
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Algorithm 1: Adaptive graph signal decomposition

algorithm

Input: Graph G = (V, &, W); Graph signal f; Number of
decomposition level L.

1: Initialization: [ «+ 1, generate the MST of G: 7.

2: SetZi=T7T.

3: for!l=0,1,2,...,Ldo

4: fork=1,2,...,2" do

5: — compute cost value for signal component on
each existing vertex set I}': M(f(If),G).

6: — decompose [, Zk into two children components,
I fff I ffl , and compute the cost for each component
M(f(jlg-flil)v g)v M(f(IZQfl)v g)

7. if M(f(I}),G) < M(f(IE1).G) + M
(F(I24).9)

8: — retain the parent component and eliminate the
children components.

9: else

10: — retain both parent and children components.

11: end if

12:  end for

13: end for

Output: The adaptive decomposition of f and G.

decomposed. The rationale behind such selections is as follows.
If the value of the cost function associated with a parent com-
ponent becomes even bigger after being decomposed into two
children, then there is no need to perform such decomposition,
from the perspective of energy compaction. This could also
be treated as a greedy algorithm to approximate the optimal
decomposition under the criterion of the specified cost func-
tion. Such process is repeated until the required decomposition
levels are achieved. The details for the adaptive decomposition
are presented in Algorithm 1.

IV. EXPERIMENTS

In this section, we present the performance of the proposed
adaptive decomposition algorithm, and compare with GWD
proposed in [10]. The experiments are conducted in MAT-
LAB R2010b with Graph_Downsampling_Toolbox [17], which
includes MatlabGBL [18] and GraphBior-Filterbanks [19]
toolboxes. The GWFBs used in our experiments are the Graph-
Bior(3) zeroDC GWFBs. Note that the downsampling method
in both our proposed method and GWD are the MST-based
method.

We first apply the a-sparsity functional as the cost function in
Algorithm 1. The resulting c-sparsity-based adaptive decompo-
sition is called SAD in the sequel. In Fig. 3, we show an example
of the 2-scale SAD for a signal on Minnesota road graph. As can
be seen, SAD only decomposes the high-pass component in the
second scale, rather than the low-pass component. This is quite
different to GWD, in which only the low-pass components are
decomposed.

We then apply the proposed adaptive decomposition al-
gorithm to graph signal compression. We here adopt the
n-term nonlinear approximation, in which the original signal is
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Fig. 3. Signal on Minnesota road graph and its two-scale SAD with o =
0.0077. The signal and the graph structure are shown in the first row.
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Fig. 4. Reconstructions of a piecewise-constant signal by 6-level SAD and
GWD. (a) Original signal. (b) Reconstruction performance of SAD and GWD.

reconstructed by its n largest decomposed coefficients. For the
proposed SAD algorithm, we empirically set « = (3 - |f], where
If| = ﬁ > icv | f(9)] is the average absolute value of the signal,
and 8 € (0, 1) is a scaling parameter. In our experiments, we se-
lect 5 = 0.5. We now compare the reconstruction performance
of SAD and GWD in [10] for 6-level decomposition. As shown
in Fig. 4, for the piecewise constant graph signals on unweighted
Minnesota road graph, the performance of both methods is very
close. This is because the energy of the piecewise constant sig-
nal is mostly concentrated in the low-pass components, which
leads to a SAD similar to GWD. However, for nonpiecewise
constant binary graph signals on unweighted Minnesota road
graph, as illustrated in Fig. 5, SAD produces better decomposi-
tion in terms of energy compaction, compared with GWD. For
instance, when 30% of the coefficients are available, the SNR
value of SAD is 12.56 dB, which is significantly better than
4.13 dB given by the GWD. In addition, the reconstruction per-
formance gain of our proposed method over the GWD becomes
larger with the increasing number of coefficients.

We also consider the graph signals defined on unweighted
Erdos—Rényi random graphs. The edges of random graphs are
first generated according to a Bernoulli distribution, with a
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Fig. 5. Reconstructions of a nonpiecewise constant binary signal by 6-level
SAD and GWD. (a) Original signal. (b) Reconstruction performance of SAD
and GWD.
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Fig. 6. Reconstruction of signals defined on random graphs. (a) Example
signal. (b) Example random graph. (c) Reconstructions performance of 6-level
SAD, entropy-based adaptive decomposition, and GWD.

parameter p € [0, 1] controlling the sparsity of the graph. Here,
we set p = 0.001 and the number of vertices N = 1500. An
example of such graph signal is demonstrated in Fig. 6(a) and
(b). We then apply the proposed adaptive decomposition al-
gorithm using a-sparsity, graph signal Shannon-entropy, and
separable Shannon (S-Shannon) entropy as the cost functions
to compress this type of graph signal. Fig. 6(c) presents the
reconstruction performance of different decomposition meth-
ods. Each data point in this figure is the result averaging over
100 random graphs. As can be observed, SAD leads to the best
performance among all the methods. Furthermore, both SAD
and entropy-based adaptive decomposition methods outperform
GWD with respect to reconstruction performance.

V. CONCLUSION

In this paper, we propose an adaptive decomposition algo-
rithm for graph signals by considering energy compaction. We
introduce the definitions of graph signal cost functions, which
enable us to construct adaptive decomposition algorithms by
applying the minimum cost constraint in the full subband de-
composition. Specifically, we design two types of cost functions,
a-sparsity functional and graph signal entropies. Experiment re-
sults show that our proposed adaptive decomposition algorithm
outperforms the GWD for several representative types of graph
signals.
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