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ARTICLE INFO ABSTRACT

Keywords: The recent emerging graph signal processing technologies have been widely applied to analyze signals defined
Graph signal on irregular domains, e.g., data collected from social networks, sensor networks, or transportation systems.
er}xldc;wed graph Fourier transform Vertex frequency analysis, especially the windowed graph Fourier transform, is one of the most important
Tight frames

tools for graph signal analysis and representations. Nevertheless, with a selected window function, it is
rather challenging to construct tight frames via the windowed graph Fourier transform. To facilitate the
construction of tight frames, in this paper, we consider multi-windowed graph Fourier transforms to develop
novel vertex frequency analysis methods. Firstly, under the multi-windowed setting, tight graph Fourier frames
are elaborately constructed to fulfill technical demands in different application scenarios. The canonical dual
frames of the multi-windowed graph Fourier frames are investigated to establish the reconstruction formulas
of graph signals. Additionally, we propose shift multi-windowed graph Fourier frames by directly using the
shift operators, e.g., the adjacency matrix. The related tight frames, dual frames and their constructions
are also discussed. Experimental results show that the proposed two types of frames can efficiently extract
vertex-frequency features of synthetic graph signals. Furthermore, anomaly data can also be detected by these

Vertex frequency analysis

frames.

1. Introduction signal processing theory [8]. The GSP theory contains a series of
topics, like sampling theory [9,10], frequency analysis [11], topology

As the explosion of information and communication in the mod- inference [12,13], to name a few. For extracting and analyzing the
ern society, data science is now facing a huge challenge to handle vertex-frequency features of graph signals, the vertex-frequency anal-
a variety of data analysis problems [1]. Among the real-world data, ysis, which plays a role in GSP analogs to that of the time-frequency
many types of signals are originally collected from distributed receivers analysis in classical signal processing, has gradually become a hot
or sensor networks, transportation or mobile networks [2,3], and in- topic in the GSP community. Specifically, the vertex-frequency analysis
ternet of things [4,5], and thus naturally reside on an underlying contains the graph Fourier transform, graph wavelet transform and

irregular domain. Due to the complex irregular structures, classical filter-banks, windowed graph Fourier transform and the related frame
signal processing techniques cannot be directly applied to analyze theory [14]

these structured data. Thus, it is of great importance to develop novel
methodologies to handle signals with an underlying structure [6].
The recent emerging graph signal processing (GSP) theory redefines
structured data as graph signals and provides novel perspectives for the
processing of them [7]. Currently, the main focus of GSP is to build
up systematic mechanisms for graph signals, similar to the classical

The graph Fourier transform presents the spectral representations
of graph signals and also sets the foundation for establishing the graph
wavelet transform and windowed graph Fourier transform [15,16].
The graph wavelet transform can be applied to obtain multiscale and
sparse representations of graph signals. The relevant variants of graph
wavelet transform include multiscale or multiresolution transform
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[17,18], graph wavelet filter-banks [19-22], and adaptive multiscale
transform [23,24]. Meanwhile, the windowed graph Fourier transform
acts similar to the short time (windowed) Fourier transform in classical
signal processing, and is applied to indicate local variations of graph
signals in the vertex-frequency domain. In [16], the windowed graph
Fourier transform was introduced under the framework of the graph
Fourier transform and graph signal filtering. The key properties of
windowed graph Fourier transform was then explored in [25], and
the windowed graph Fourier frames were designed to extract vertex-
frequency features of graph signals. The spectrum adapted windows
were also designed to achieve better discriminative ability of the trans-
form [26]. To accelerate the computation, fast algorithm for windowed
graph Fourier transform was then constructed in [27]. Latter on, the
theory was extended to vertex domain localization windows [28] and
general Gabor-type frames [29]. The vertex-frequency representation
given by the windowed graph Fourier frames could show the vertex-
frequency feature of graph signals. But the reconstruction of the signal
requires extra computation of a dual frame. By adopting tight frames,
the dual frame could be ignored and extra computation of the dual
frame would be saved. However, the problem of constructing tight
windowed graph Fourier frames is still under exploring.

In this paper, based on our previous work [30], we extend the win-
dowed graph Fourier transform to the multi-windowed case to facilitate
the construction of tight frames. We present equivalent conditions for
multi-windowed graph Fourier frames and tight frames. We also inves-
tigate the duals of multi-windowed graph Fourier frames to construct
reconstruction formulas for any graph signals. To extend the scope of
vertex-frequency analysis, we also define shift windowed graph Fourier
frames. The related tight frames, duals and the key properties of them
are also discussed. Experimental results show that the proposed multi-
windowed and shift windowed graph Fourier frames are efficient in
extracting vertex-frequency features of graph signals.

The rest of this paper is organized as follows: In Section 2, we briefly
review the background of the paper. In Section 3, we introduce the
definition of multi-windowed graph Fourier frames, and present some
results on frames and tight frames. In Section 4, we give some results
on the duals of multi-windowed graph Fourier frames. In Section 5, we
define shift windowed graph Fourier frames and discuss the related du-
als and tight frames. In Section 6, we provide examples on constructing
tight or near-tight multi-windowed and shift windowed graph Fourier
frames. In Section 7, we present the experimental results. Section 8
concludes this work.

2. Background

In this section, we provide a brief overview of the notations and
concepts from graph theory, graph signal processing, frame theory,
time-frequency analysis and vertex-frequency graph signal analysis.

2.1. Notations and preliminaries

We denote an undirected weighted graph by ¢ = (V, &, W), where V
denotes the vertex set, £ denotes edge set, and W denotes the adjacency
matrix, respectively. If there exists an edge e(i, j) connecting nodes i
and j, W, ; is the weight value assign to the edge e(i, j). We define the
degree matrix D of ¢ as a diagonal matrix whose ith diagonal element
d; is the degree of vertex i, i.e. the sum of the weights of all the edges
incident to vertex i: D; = 3;W,;. Then the graph Laplacian, also
called the combinatorial graph Laplacian of G is defined as L =D —W.
Since ¢ is undirected, L is a real symmetric matrix, and therefore has a
complete set of orthonormal basis. Denote these eigenvectors by u, for
I =0,1,..., N — 1, with associated eigenvalues 4,, i.e. Lu; = 4,u;. We
denote the eigen-matrix by U = (g, u;, ..., uy_).

Then for any vector f € RV defined on the vertices of G, its graph
Fourier transform f is defined by

N
f0) = (Eu) = Y wr (f(n).

n=1
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The inverse transform can be derived by:

N-1

£ =Y £)u;(n).
1=0

The Parseval equation holds for the graph Fourier transform, that
is, for any f,g € RN, (f,g) = (f,8).
2.2. Frames and operators [31]
Definition 2.1. A family of vectors {f, }l’("i] C RN (M > N) is a finite
frame for RY if there exist constants A, B > 0, such that
M
AP < Y I8 £ < BIEIP
k=1
holds for every f € RN. The constants A and B are called frame bounds,
and if A = B, {f,}} is called a tight frame.

M

For a frame {f;}},,

T : PRN) - RN by
M

Tl D) =Y ey

k=1

we define its associated synthesis operator

and the analysis operator T* : RN — [2(RV) by
T'f = {(£.1,)}.

Integrating T and T* together, which are a pair of dual operators,
we define the frame operator of {f,} by S =TT%, i.e,
M
St = YU ff.f € RY,
k=1
which is a bounded, positive, invertible and self-adjoint operator.
If there exists another sequence of vectors {gk}kM= ” such that

M
f=Yfg)f.f €RY,

k=1
we call {f,} a dual frame of {f,}} .

For any frame {f} } 24: |» it has an infinite number of dual frames. We
could directly verify that {S‘lfk}kM= , is a dual frame, which is often
called the canonical dual frame of {f, } ,i‘i » where S~! is the inverse of
S.

Additionally, the synthesis operator of {fk},’{“= , can be written as
a full rank N x M matrix F, which has its columns as the frame
elements, i.e., F = (f|.f,, ..., f),). Then the analysis, frame operators and
inverse frame operator of F can be represented as F*, FF* and (FF*)~!,
respectively. Here s denotes the matrix conjugate.

2.3. Short-time Fourier transform [32]

For any window function g € L?>(R) and u € R, the translation of g
by u is defined by the operator T,:

(T,e)®) =gt —w. @

For any ¢ € R, the modulation of g by frequency ¢ is defined by the
operator M;:

(Mg)(1) := ¥ g(0). 2

Given a finite sequence of window functions g', ..., g!, the family of
discrete multi-windowed Fourier atoms is defined by:

¢¥ =g, == (M, T,)g' (1) = "™ g (t — m)}, 3

where I =1,...,L;m€Z;neZ.
G" is called a multi-windowed Fourier frame if there exist two
positive constant A, B > 0, such that for any f € L2(R),

L
AP <Y Y 1 (M, TEh ) < BIFIP )

I=1 m,n€Z
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The constant A, B are called frame bounds. G, is called a tight frame
if A= B. Here Sf(m,n,l) :=(f,(M,,T,)g") = [ f()g!(t — n)e"2"™dt are
the windowed Fourier transform coefficients. The coefficients
(S fm,n D21 =1, ... , L}, nez is generally called the “spectrogram”
of signal f.

Any function f € L?*(R) can be reconstructed by using the win-
dowed Fourier transform coefficients and a dual multi-windowed
Fourier frame.

A multi-windowed Fourier frame Cbz = {
window functions ', ...
any f € L*(R),

g,,(0}) generated by
.gL, is called a dual to ¢¥ = {gfn,n(t)} if for

L
£=Y 2 (f(M,T,)g' (M, T,)g'.

%)
I=1 m,n€Z
2.4. Windowed graph Fourier transform for GSP [16]
For a graph signal f € R” defined on a N-vertex graph G = (V, &, W),
the generalized translation of f by i is defined by the operator T;:
N-1
TH@) = VN Y o u,m). ®)

p=0

The generalized modulation of f by frequency k is defined by the
operator M:

(M, H)(n) = VNEmu, (n).

The windowed graph Fourier atoms generated by a window function

)

g € RN on G are defined by
N-1

g,4(n) 1= (M T,2)(n) = Nuj(m) Y &pus(u,(n), ®
p=0

withi = 1,2,...,N, k = 0,1,..., N — 1. We denote the set of these

windowed graph Fourier atoms by

={8ix}i=12... .Nk=0,1,...N-1. 9

In [16] and [25], it was shown that the condition for a window
g € RV to generate a windowed graph Fourier frame is §(0) # 0.

Lemma 2.2. For a window function g € R defined on G, if §0) # 0,
then the windowed graph Fourier atoms defined in (9) is a frame with lower
frame bound

. . R

A= min  (NITl). o

and upper lower frame bound

b= NIIT,gl?}. 11
"G({g?)i,N}{ IT,gll5} an

We then call the atom set a windowed graph Fourier frame (WGFF).

Constructing tight windowed graph Fourier frames is a valuable
topic in GSP. By Lemma 2.2, technical design of window functions for
tight frames would involve with complicated computations and analysis
on the graph Fourier transform matrix. In the sequel, we utilize multi-
window to construct tight frames and develop novel vertex-frequency
analysis methods. As will be seen, multi-window could create more
freedom than the single-window case and thus reduce the difficulty in
the construction of tight frames.

3. Multi-windowed graph Fourier frames

Analog to (3) in the classical case, for a finite sequence of window
functions g!, g2, ..., gL € RN, we can define the set of multi-windowed
graph Fourier atoms by

¢y = {g,[-,k}f=1,2,...,1v;k=0,1 ..... N-1i=12,...,L. 12)

37
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Theorem 3.1. Let G be the set of multi-windowed graph Fourier atoms

defined in (12). If ZIL: |18 (0)|2 # 0, then G is a frame with lower frame
bound

A := m1n

e{1.2,.

NZIITgII

and upper lower frame bound

NZnTgn

13

B :: max

as
(12,
Proof. For any f € RV,

L N N-1 5
-]

I
i
.
i

~

I(f M, T’

lMZ I

I
- sz

T
i

F
=1

I
Z
20

M=

(Eo(Tg u)l’

I
2

M=

[(Fo(T;g"), fo(Tg)>|

™M=

() 21T, g

Il

=z
M=
™M=
M=

i
i
=
i

£ 21T, g )OI

I
2

M=

(15)

M=
M=

Il
T
3
I

O Z T, eHII3,

=1

3
|

II
\MZ

where (15) follows from the symmetry of L and the definition of
operator 7; in (6). In addition, if Z,L: | |g! (0)|2 # 0, we have

N-1 L
Zurg I3=NY Z|g’(p>| lu, ()|
p=0 I=
ol 2
> Z|gf<0>| >0 16)
I=1
By (16), taking the minimum and maximum of Z/L= 1 IT,g ||§, we have

the lower frame bound A > 0. Thus, G is a frame with lower and upper
frame bounds defined in (13) and (14). O

We call the atom set defined in (12) a multi-windowed graph
Fourier frame (MWGFF) if it forms a frame.

Letc, = NY-, 17,812 and ¢ = (...,
Theorem 3.1, Eq. (15) shows that

en)T, by the proof of

(ST, £) = (cof £),f € RV, a7

Here o denotes the entrywise product. That is, for vectors ¢ and f, the

entrywise product cof = (¢ f,...,cn fn)T
Equivalently, we have

St =D f,f e RV, 18)

where D, = diag(c) is a diagonal matrix, with its nth diagonal entry

Dy, = ¢, = T, T8 13-

Corollary 3.2. GY is a tight frame if and only if there exists a constant
C, such that N E{':l IT,g'l3=Cforn=1,2,...,N

Proof. From Eq. (18), the frame operator of Gy can be written as the
diagonal matrix
S =D, = diag(c),

withe, = N Z[L=1 ||Tng’||§, n=1,..., N. As the optimal lower and upper
frame bounds of a frame are the smallest and largest eigenvalues of



X. Zheng, C. Zou, L. Dong et al.

the frame operator respectively, the frame bounds of ¢} are given by
the smallest and largest entries in ¢. Therefore, G} is a tight frame is
equivalent to the condition that ¢ is a constant vector, i.e. there exists
a constant C, such that ¢, =C forn=1,2,...,N. [J

Corollary 3.3. Let G} be the set of multi-windowed graph Fourier atoms
defined in (12). If there exists a constant C, such that Zle |g’(/1p)|2 =C,
forzp =0,1,...,N—1, then QLL” is a tight frame with frame bounds A = B =
N-C.

Proof. In the proof of Theorem 3.1, for any f € RV, we have,

L N N-1

Y Y itgor —N2|f<n>| Z‘,u(Tg)u2

1=1 i=1 k=0
N N-1 L

= N2 Y [t Y Z 1)1, () 2. 19)
n=1 p=0 I=

Since the eigen-matrix U of L is orthogonal we have Z 0 |u m*>=1,
forn = 1,2,...,N. If Z,=1 |&! (Ap)l = C, forp = 0,1,...,N — 1,
from Eq. (19), we have

L N N-1

> Z Z (t.g ) = N2ClI/I (20)

=1 i=1 k=0
Thus, ¢Yisa tight frame with frame bounds A = B= N2C. [

Note that Corollary 3.3 presents a method for constructing multi-
windowed graph Fourier tight frames. The details will be given in
Section 6.

4. Dual of multi-windowed graph Fourier frames

In [25], the authors presented a reconstruction formula for sin-
gle windowed graph Fourier frames. In this section, we provide a
reconstruction formula by introducing the definition of dual of multi-
windowed graph Fourier frames. Additionally, the canonical dual is
also discussed.

Similar to the definition in (5), let Cf denotes the multi-windowed
graph Fourier atom set generated by a finite sequence of window
functions g', 2, ...,8" in the sense of (12). 6’2’ is called a dual to G if
for any f € RY, there exists a constant C, such that

L N-1 N L N-1 N

(=cX X X0g)e, =CY ¥ Y (/808 1)
I=1 k=0 i=1 I=1 k=0 i=1

Theorem 4.1. Suppose that G is a multi-windowed graph Fourier frame

as defined in (12). If there exists a finite sequence of window functions
g!,8%,...,8N and a constant u > 0, such that
L

Y g Ay =p p=0.1,...N -1, (22)
=1

then G’Z is a dual of G¥.

Proof. Suppose that Z;L=1 8(4,)8(4,) = u for p=0,1,...,N — 1. Then

we have

L N N-1
PIDIPRCEPENC
I=1 i=1 k=0
L N N-1 N N-1
=23 2 (N X tomuion 3 iy oum)
I=1 i=1 k=0 m=1 =0
N-1

(Ve 3 &y )

L N-1N-1

N
=N Yt Y Y Y @G Gy ukmu o)
m=1

I=1 p=0 p'=
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N-1

Z u,(Ou’, (i) Z u? (myu ()

L N-1N-1

=N z fm) Y D D & AR A muy (18,6,

m=1 =1 p=0 p'=0

N-1 L
=Nf(n) Z Z (A8 (A, (m)]
p=0 I=1

=N2uf(n).

Here the orthogonality of U is applied in the last equation, i.e.
25:61 |up(n)|2 = 1. Thus, ¢ is a dual of ¢ with C = N?u in (21). [

We could also prove that the dual C‘Z’ of a multi-windowed graph
Fourier frame g;’ is also a frame.

Corollary 4.2. Suppose that G} is a multi-windowed graph Fourier frame
as defined in (12). If there exists a finite sequence of window functions
gl,82,....8N and a constant u > 0, such that EIL=1 g'(A,)8 (4,) = u for
p=0,1,...,N — 1, then é’f is also a multi-windowed graph Fourier frame.

Proof. If ¥ 8/(4,)8'(4,) = u > 0 for p = 0.1,...,
Cauchy-Schwartz inequality, we have

< 30,1

N 2 2 2
forp=0,1,..., N—1. Then we have zle 18'(2,)” # 0, and Zf=] 18'(,)]
# 0, for p = 0,1,...,N — 1. By Theorem 3.1, we have Gy is also a
multi-windowed graph Fourier frame. []

N -1, by the

L

w=1 Y E )l

20, 23)

lMt"

Theorem 4.1 and Corollary 4.2 imply that there is a freedom on
constructing dual multi-windowed graph Fourier frames. To be more
specific, we could construct dual windows under Condition (22). For
a multi-windowed graph Fourier frame G} generated by g, g, -,
gl € RV, the dual QN’z can be constructed by selecting a constant u

then finding & € RV by letting §/(4,) = Lg/u s for p=0,1,....,N - 1.

Condition (22) is then satisfied. But in case that g (/lk) = 0 for some k
and /, the dual cannot be constructed in this scheme. Consequently, it
requires a technical design and calculation of the window functions.
Additionally, in the multi-window case, the reconstruction formula
require the dual frame generated by the dual windows, and thus would
increase the computation for the reconstruction of signals.

Taking the diagonal property of the frame operator into accounts,
we could easily obtain the canonical dual frame.

Corollary 4.3. Suppose that G is a multi-windowed graph Fourier frame
as defined in (12). Let ¢ € RN be a vector with ¢, = N Z,L=l IT,&'l13, and
d € RN be a vector with d, = i, n=1,2,...
frame of G is given by

, N. Then the canonical dual

gy = {gﬁ,k = d°g£,k}’ (24)

wherei=1,2,...,N;k=0,1,..., N-1;1=1,2,..., L

Proof. Suppose that S is the frame operator of GY. In the proof of
Corollary 3.2, we have that
S =D, = diag(c).

According to Section 2.2, the canonical frame of ¢} is then given by

T R N |
S7g, =D, g, =Dyg, =dog;,

where i =1,2,...,N;k=0,1,..., N-1;/=1,2,...,L. [
Remark that the dual frame é’f is unnecessary to be generated by a

sequence of windows. Specifically, the graph translation operator does
not commute with the entrywise product o, i.e.

T;(cog) # coT;(g),g € RV.
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Even though the graph modulation operator commutes with the entry-
wise product, i.e.

M (cog) = coM,(g),g € RV,
we still have in general that,
M, T,(cog) # coM, T,(g).,g € RV.

Finding the generator windows of a windowed graph Fourier frame
could facilitate the investigation of the properties of the frame. How-
ever, without knowing the windows, the canonical dual frame can still
be easily obtained from the original frame, and be applied to construct
a reconstruction formula for graph signals.

5. Shift windowed graph Fourier frames

As the graph signal translation operator could increase the redun-
dancy and complexity of the multi-windowed frame, an alternative is
to take the graph shift operator as the translation operator. Given a
graph G = (V, &) with N vertices, the associated graph shift operator
S is defined as an N X N matrix whose entry S;; # 0 only if (i,j) €
& [11]. The adjacency matrix is often utilized as a type of shift operator,
acting like the translation operator in classical signal processing. By
replacing the translation operator by the adjacency matrix in the multi-
windowed graph Fourier atom set, we could then design a new type of
multi-windowed frames.

Theorem 5.1. Let {u;} ,li =1 be the eigenvector of the Laplacian matrix of
graph G, with A be its adjacency matrix. Suppose that there are M window
vectors g, € RN, with Ag, #0, | = 1,..., M. Define

g, ‘=u;0(Ag) (25)
where o denotes the entrywise product. Also define
c=(c ¢, ...,cy)’, with ¢, = 8, Gal, (26)

where a, is the kth row of matrix A, and G
multi-window graph Fourier atoms

ZiL=l g;g;. The set of
Gy =g }iz02... N-1=12,...M. (27)

forms a frame for signals defined on G if and only if ¢, > 0 for all of elements
of c. The optimal lower and upper frame bounds are

A= min  ¢;,and B = max ¢, (28)
ke(1.2,...N} ke{12,..,N}
respectively.

Proof. By the definition of the multi-window shift atoms, rewriting
g, = wo(Ag) in a matrix form, we have g;; = D;Ag,, where D; is a
diagonal matrix with the kth diagonal entry equal to the kth element
of u;. Let

T, = (D,Ag,. D,Ag; -+ . DyAg,). (29)
the corresponding synthesis operator of §j can be written as:
T=(T,,Ty,Ty). (30)

By Lemma, G forms a frame if and only if its frame operator is positive
definite. In fact, the frame operator of gi can be written as

M N

TT" = ) ) D,Ag g A'D;.
I=1 i=1

(€28)
Note that for any diagonal matrix D = diag(u), and any matrix M, we

always have DMD* = Mo(uu*). Therefore, the frame operator TT* can
be re-written as:

M N
T = Z Z[Ag,g;*A*]o(uiuj)
I=1 i=1

39
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«
u,-ul.)

N

[(Ag) (A8)) To( X

i=1

1]
Mz

Mz

= [(Agz)(Agz)*]"IN- (32)
i=1
Here Iy is the N x N identity matrix.
Let G = ZiL=l g;g’, we have
M
Y (Ag;)(Ag)" = AGA™. (33)

Eq. (32) indicates that TT* is a diagonal matrix with the kth diagonal
entry given by the kth diagonal entry of AGA*. Let a, be the kth row
of matrix A, by a simple matrix computation, the kth diagonal entry of
AGA* can be written as ¢, :=8,Ga;.

Recall that the optimal lower and upper frame bounds of a frame
are the smallest and largest eigenvalues of the frame operator, respec-
tively [31]. Therefore, QSL is a frame is equivalent to ¢, > 0 for all of
elements of vector ¢ = (¢, c¢,,...,cy)". The frame bounds of G, can
then be given by (28) which are the smallest and largest elements of ¢
as defined in (26). [

Since the adjacency matrix in (27) can be replaced by any shift
operator of graph signals. We call G} a shift multi-windowed graph
Fourier frame (SMWGFF) if the frame bounds in (28) can be obtained.

Similar to the multi-window graph Fourier frames, we can also
derive the canonical dual frame in an entry-wise product manner.

Corollary 5.2. Suppose that G} is a shift multi-windowed graph Fourier
frame as defined in (27). Let ¢ € RN be a vector with ¢, = ﬁkGﬁt, and
d € RN be a vector with d,, = ci, n=1,2,...,N. Then the canonical dual
frame of G} is given by !

G, = {8, = dog;;}, (34)

wherei=1,2,...,N;k=0,1,..., N—=1;1=1,2,..., L.

The proof of Corollary 5.2 is similar to Corollary 4.3, and is omitted.
We could also derive an equivalent condition for the shift multi-
windowed graph Fourier tight frames.

Corollary 5.3. Let G} be a shift multi-windowed graph Fourier frame,
and 4, be the kth row of matrix A. G} is a tight frame if and only if

§Ga =C.k=1,..N, (35)

where C is a constant number, and G = Z,L= L 88

Proof. By Theorem 5.1, the frame bounds of §; are given by the
smallest and largest elements in ¢, with ¢, = 8,Ga;.

Hence, G; is a tight frame is then equivalent to 4,Ga; = C for
k=1,...,N. I

According to Corollary 5.3, the construction of shift multi-
windowed graph Fourier tight frames may be complicated. We discuss
the construction of tight frames in the next section. In case that tight
frames are not available, we construct near-tight frames.

6. Design of multi-windowed tight frames

In this section, we design two types of multi-windowed tight frames.
We utilize the B-splines to construct the generator of tight multi-
windowed graph Fourier frames (TMWGFF). Additionally, we construct
tight shift multi-windowed graph Fourier frames (TSMWGFF) with N
generators.
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6.1. Construction of TMWGFF

Constructing TMWGFF is equivalent to find M generators {g;, g,
.., &y}, such that, ZILZI IT,gl3=Cforn=1.2,..,N.

By Corollary 3.3, in the spectral domain, if Zfz ) |gl(/1p)|2 = C,
for p = 0,1,...,N — 1, Q”L” is tight frame in RM. Without lose of
generality, we could let C = 1, the goal of the construction is to
find a sequence of window functions, such that Z,L: | |8 (/l,,)|2 =1, for
4, € o(L), where (L) is the spectrum of the Laplacian matrix. That is,
the modulus square of the generators form a partition of unity. As the
generators should be localized, we could apply localized functions with
the property of partition of unity to construct the generators. Among
the functions with such a property, the cardinal B-splines are good
candidates to be the generators.

The first order cardinal B-spline N, is defined as the step function,
ie.

1
N;(x) = { 0

The kth order cardinal B-spline N is then defined in a recursive manner
via convolution with N, i.e.

x € [0,1],
else.

1

N,(x) =N,_; # N, (x) = / N, (x = tydt. (36)
0

The integer-translates of the kth order cardinal B-spline form a partition

of unity,

Y Ni(x—p)=1,Vk € N*. (37)

PEZ

In the following, we apply the kth order cardinal B-splines to
construct the tight frame generators. Suppose that the spectrum of the
Laplacian is o(L) = [44, 4], and the support set of N is [c,, d,]. Select
a proper order k for the cardinal B-splines, such that [c,,d,] C [44, A5l
As N, is compact supported, we can find two integers k; and k,,
such that, when k < k; or k > ky;, Ni(x — k) = 0, for x € [4y4, 45].
Correspondingly, the subsequence of integer translates of Ny, {N,(x —
k1), Ni(x — ky), ... ,Ny(x — ky,)} form a partition of unity on [Ay, 4],
where ky <k, # k; <ky, for 1 <p,l <M.

Let |g,(/1,,)|2 =Ny(4, — k) for I =1,2,..., M, we have

M

D& = 1,4, € [Ag, Ap).
I=1

(38)

Thus, the window sequence g, g,, ..., g, generates a tight frame.

Remark that other types of functions that satisfy the property of
partition of unity could be applied to construct TMWGFFs. The number
of window functions is then depends on the support sets of the selected
windows. The construction of tight frames by using other functions can
be implemented similar to that of the cardinal B-splines.

6.2. Construction of TSMWGFF

As shown in Corollary 5.3, a SWGFF Qi with L windows, gi is a
tight frame is equivalent to 4,Ga; = C for k = 1,..., N. The condition
can be rewritten as

L

> &gl =c. (39)
I=1
The equations show that the modulus of projection of &, in the subspace
spanned by {g;} 1L:1 are constant C.

Note that it is complicated and difficult to construct such a sequence
of window vectors. But for a sequence of N windows, we can still
construct tight or near-tight frames.

The goal is to construct G = Zle , &g such that the matrix AGA*
has identical diagonal entries. Note that the diagonal entries of AA* are
the 2-norm of row vectors, i.e. ||a,||? is the kth diagonal entry of AA*.

If la,||> = C, for k = 1,..., N, we can select an orthonormal basis
{u;}¥ in RN, and let g; = u;. We then have, |lg/|| = 1,/ =1,2,....N

i
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and (g,,g,) =0, if k # /. As an orthonormal basis preserves 2-norm, we
can still have
N
Y &l g = llagl? = C. (40)
=1
Thus, the window sequence g, g,, ..., gy generates a tight frame.
Otherwise, if ||ai||> # C, for any k € {1,..., N}, we could modi-
fied the orthonormal basis to construct tight or near-tight frames. We
consider scaling the basis elements and let g, = k;u,. The kth diagonal
entry of matrix AGA* is then become:
N N
Y &l k)l = Y 21EL )l 1)
i=1 =1
Define a matrix P, with P ; = |<ﬁ{,u,)|2, and a vector x with x; = kl2,

k,l € {1,2,...,N}. By Eq. (41), g;.8>, ..., gy generate a tight frame is
equivalent to

Px=C1 (42)

If Eq. (42) has a solution, {g, = k1u1}[’i | generates a tight frame.
Otherwise, we can solve a minimization problem as follows:

X =argmin ||[Px-C1||,
X

43

subjectto x>0

The problem can be solved by using off-the-shelf convex optimization
toolbox, e.g. the function lsqnonneg() in Matlab. The MWSGFF gener-
ated by {g, = kju;} ]]‘i , is then closest to be a tight frame in terms of the
2-norm distance.

Remark that in the construction of tight frames, MWGFF only
related to the spectrum of the graph, while SMWGFF has a strong rela-
tionship with the shift operator, which often represents the graph topol-
ogy. Both types of tight frames could be utilized in different scenarios
when the spectral or topology property of the graph is considered.

7. Experiments

In this section, we present examples of tight frame window functions
for MWGFF, and validate the performance of MWGFF and SMWGFF
on extracting vertex frequency features of graph signals. The Matlab
toolbox MatlabBGL [33] was applied.

7.1. Examples of tight frame window functions

We construct two sets of tight frame window functions based on
the cardinal B-spline functions. As discussed in Section 6.1, we could
utilize the cardinal B-spline functions to fulfill the condition that the
spectral window functions forms a partition of unity on the spectrum
of the graph.

Suppose that the normalized Laplacian matrix is applied, that is,
the corresponding spectrum is contained in [0,2]. We then taking the
second order cardinal B-spline N, to construct the tight frame window
functions. By the recursive formula in (36), we have

X x €[0,1),
Ny (x) = 1-x x €[1,2],
0 else.

Letting |g,]> = No(x = .1%> = Ny(v), and [&]* = Np(x + D),
according to Eq. (37), we have 2?:1 |g,(z,,)|2 = 1,4, € [0,2]. That is,
{g1.8>.83} is a set of tight frame window functions. The spectral curves
of the 3 window functions are presented in Fig. 1(a).

We could also improve the localization property of the tight frame
window functions by utilizing the scaling of the cardinal B-spline
functions. For example, letting |§1|2 = Np(2x — 1), |§2|2 = N,(2x),
18517 = No2x + 1), 1847 = Npy(2x + 2), and |§5]> = N,(2x + 3), we then
have {g;,8,,83.84.85} is a set of tight frame window functions. The
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Spectral response

Frequency A

(a)

Fig. 1. (a) Spectral curves of 3 tight frame B-spline window functions; (b) Spectral
curves of 5 tight frame B-spline window functions.

spectral curves of the 5 window functions are given in Fig. 1(b), where
each window function localized in a shorter interval on [0, 2] than the
window function in Fig. 1(a). Note that the number of windows is
depends on the selected order of the cardinal B-spline functions or
its scaling parameter. It may turn to an optimization on the optimal
number of windows for specific application, which is beyond the scope
of this work and could be discussed in our future work.

The construction of tight SMWGFF could be challenging. As dis-
cussed in Section 6.2, when the rows of the adjacency matrix have
identical 2-norm values, we could construct orthonormal matrix as the
window set. We design three types of orthonormal windows, which will
be applied in the experiment later:

« the Laplacian eigenvectors, i.e. g; =w;,_;, [ = 1,2,..., N, where u,
is the /th eigenvector of the Laplacian matrix.

» Householder vectors with localized generator, i.e. g, = h;, where
h, is the /th vector of the Householder matrix H = I,y —2vv”, and
v is a vector localized on a small set of indices.

« translated vectors, i.e. g; = Tj(g), i =0,1,..., N -1, g is a localized
vector, and 7; is the translation operator of real-time vectors.

When the rows of the adjacency matrix have different 2-norm val-
ues, we could compute the vectors given by Model (43) for a set of
N-windows, and then use them to generate a near-tight frame.

7.2. Vertex-frequency feature extraction

We then validate the performance of MWGFF and SMWGFF on
extracting vertex frequency features of synthesis graph signals. The
synthetic data are generated on path graph and sensor network by
composing Laplacian eigenvectors.

In the first example, we consider an unweighted path graph of 100
vertices. We design a signal in Fig. 2(a) on the path graph by composing
three Laplacian eigenvectors: ug restricted to the first 28 vertices, ug
restricted to the next 43 vertices, and u,g restricted to the remained
vertices. The applied window function is the heat diffusion kernel,
&(A;) = e~*4 with 7 = 80, which is given in Fig. 2(b).

For comparison, we present the spectrograms generated by WGFF
and SMWGFF, where each spectrogram consists of the squared mag-
nitudes of the windowed graph Fourier frame coefficients. Fig. 2(c)
shows that the vertex-frequency features of the signal can be precisely
captured by the spectrograms generated by WGFF. Fig. 2(d) is the spec-
trogram generated by SMWGFF, with the window functions generated
from the N-translations of the heat diffusion kernel, i.e. g; = T(g),

i=0,1,...,N—1with r =2,
—0.17(n—1) 1<n<l1l1
e n
= sn=th 44
g(n) {0 iy 44

The spectrogram of SMWGFF is also sensitive to the vertex-frequency
features of the signal but less concentrated than the WGFF. The
SMWGFF is more sensitive on the switching point of frequencies, as
well as the dual of SMWGFF. As shown in Fig. 2(d) and (e), the
two switching points are precisely marked by large frame coefficients.
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Fig. 2(f) is the spectrogram generated by the tightened SMWGEFF. As
can be observed, the tightened SMWGFF has better coefficient sparsity
than the original SMWGFF and its dual.

In the second example, we validate the performance of MWGFF on
a signal designed on sensor graph with 80 vertices in Fig. 3(a). The
vertices of the graph is partitioned into 3 classes: red, blue and green.
The applied MWGFF is generated by a set of 4 tight frame cardinal
2-order B-spline window functions, which are displayed in Fig. 3(b).
Similar to the first example, the signal defined on this random graph is
taken by restricting uy to the red vertices, uq, to the blue vertices, and
ueg to the green vertices. Fig. 3(c) is the spectrogram generated by the
first window that localized in the low frequency. Fig. 3(d), (e) and (f)
are the spectrograms generated by the other 3 windows that localized in
the central and high frequencies. The first spectrogram almost captures
the vertex-frequency features of the signal around different frequencies
and appropriate vertex sets. The last 3 spectrograms are less sensitive
to the frequencies, but still giving proper localization on appropriate
vertex sets.

In the third example, we validate the performance of SMWGFF
by different generators given in Section 7(a) on a signal designed on
sensor graph with 100 vertices in Fig. 4(a). The vertices of the graph
is partitioned into 3 classes: red, blue and green. For comparison,
we utilize two types of SMWGFF generators, the Laplacian eigen-
matrix and the local Householder matrix. Similar to the first example,
the signal defined on this random graph is taken by restricting ug
to the red vertices, ug to the blue vertices, and u,g to the green
vertices. Fig. 4(b),(c) and (d) present the spectrograms generated by
the SMWGFF with Householder matrix, its dual and the tightened
SMWGFF, respectively. The local generator vector of the Householder
matrix is given in Eq. (44). As can be seen, all the three spectrograms
can capture the vertex-frequency feature around different frequencies
and appropriate vertex sets, but slightly less localized than the WGFF.
Additionally, the tightened SMWGFF in Fig. 4(d) has better sparsity
than the other spectrograms. Fig. 4(e) presets the diagonal entries in the
frame operators of the original SMWGFF and the tightened SMWGFF by
the Laplacian eigen-matrix. It can be seen that the tightened SMWGFF
is very close to be a tight frame as the diagonal entries are very close
to be identical. In Fig. 4(f), (g), and (e), we present the spectrograms
generated by the SMWGEFF, its dual and the tightened SMWGFF, re-
spectively, with respect to the Laplacian eigen-matrix. It shows that the
spectrogram with respect to Laplacian eigen-matrix has better sparsity
than that of the Householder matrix, but less localized in the frequency.

7.3. Anomaly detection

Finally, we apply the WGFF, MWGFF and SMWGEFF to detect
anomaly data in a graph signal. For that, we define a constant signal on
the sensor graph with 100 vertices, by letting f(n) = 0.1, n = 1,2 ---,100.
We then define the signal values of the neighbors of vertex vy, by
letting f(n) = 1, n € N(vsy). The corresponding anomaly vertices
are marked by blue bars in Fig. 5(b), (c) and (d). We compute the
spectrogram of WGFF, MWGFF with 4 windows and SWGFF with the
windows defined in (44). Taking maximum with respect to the vertices,
the spectrogram coefficients then threshold by § = 0.5 - max(S), where
S denotes the spectrogram. The vertices with maximum coefficients
larger than 6 is then marked as red vertices. Fig. 5(a) is generated by
WGFF spectrogram thresholding on the constant signal. As can be seen,
about half of the vertices are detected as anomaly. In fact, the WGFF
spectrogram coefficients of the constant signal are very close to their
mean value. Using the § thresholding could then misclassify about half
of the vertices as anomaly. We present this result only for comparison
and show that the spectrogram coefficients could then localized only
on the anomalies for anomaly graph signals. In Fig. 5(b), the WGFF
detected all the anomaly vertices but misclassified an extra vertex as
anomaly. In Fig. 5(c), the SMWGFF spectrogram detected almost all
except one anomalies, and also misclassified the same vertex as WGFF.
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Fig. 2. (a) A signal on path graph by composing Laplacian eigenvectors; (b) The curves of the heat diffusion window function; (¢) The spectrogram generated by WGFF; (d) The
spectrogram generated by diffusion SMWGFF; (e) The spectrogram generated by dual diffusion SMWGFF; (f) The spectrogram generated by tightened diffusion SMWGFF.
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Fig. 3. (a) A signal on random graph by composing Laplacian eigenvectors; (b) The spectral curves of 4 tight frame window functions; (c) The spectrogram generated by window
#1; (d) The spectrogram generated by window #2; (e) The spectrogram generated by window #3; (f) The spectrogram generated by window #4. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

In Fig. 5(d), we integrate the thresholding results on the spectrograms
corresponding to the 4 windows of the MWGFF, by taking the union
of anomalies given by the 4 spectrograms. It can be observed that
the MWGEFF integrated spectrogram detected all the anomaly vertices,
and also detect the only vertex with degree 1 and its neighbor in the
graph, which can also be considered as anomaly vertices. The MWGFF
integrated spectrogram misclassifies 2 extra vertices as anomaly, which
are actually neighbors of the anomalies. This example shows that
MWGFF could be applied to find out the vertex-frequency features that
both SMWGFF and WGFF unable to.
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8. Conclusion

We extended the theory of windowed graph Fourier transform to
the multi-windowed case. We presented conditions for constructing
multi-windowed graph Fourier frames (MWGFF), tight frames and
dual frames, respectively. We also propose shift multi-windowed graph
Fourier frames (SMWGFF) and discuss the related dual and tight
frames. Strategies for constructing tight or near tight MWGFF and
SMWGFF are provided. We validate the performance of MWGFF and
SMWGFF on extracting vertex-frequency features by experiments on
synthesis graph signals. We also show that anomaly data on graph
signals can be detected by MWGFF and SMWGFF.
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Fig. 4. (a) A graph signal by composing Laplacian eigenvectors; (b) The spectrogram generated by Householder SMWGFF; (c) The spectrogram generated by the dual of Householder
SMWGFT; (d) The spectrogram generated by the tightened Householder SMWGFF; (e) The diagonal entries of the original and tightened frame operator; (f) The spectrogram
generated by eigenmatrix SMWGFF; (g) The spectrogram generated by the dual of eigenmatrix SMWGFF; (h) The spectrogram generated by the tightened eigenmatrix SMWGFF.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. (a) Anomaly vertices detected by the spectrogram on constant signal; (b)
Anomaly vertices detected by the WGFF spectrogram on anomaly signal; (¢) Anomaly
vertices detected by the SMWGFF spectrogram on anomaly signal; (d) Anomaly vertices
detected by the MWGFF integrated spectrogram on anomaly signal. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)
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