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Lindeberg method

Let {15 ..., &n,n be a sequence of independent random variables such that

Ep =0 Yk, Y E&; =
k=1

Denote n
Sn = Z fn,k-
k=1

Let 7.1, ..., n,n be a sequence of independent random variables such that

Nk is @ normal random variable with En,, . = 0 and E|n,, x|* = E|&,.x|*.
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Lindeberg method (ctd)

Denote
57(10) = £n,1 + ...+ ’En,ny 87(11) =Tn,1 + gn,Z + ...+ fn,na

ST(Z") =M1+ .+ M-

We have
S N(0,1).
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Lindeberg's method

Let h € C3(R), we have

[EA(Sy) — N (k)| = |[ER(S{)) — <> IE| — h(SFD)|.
k=1
Denote
Yn,k = Mn,1 + ...+ Mn,k—1 + fn,k:Jrl + ...+ gn,m

then

SE) =Yk + g, STV =Y p + g

Now we have

E[h(S) = (S = E[A(SY) = h(Yax)] = E[A(ST) = h(Yop)]-

)
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Lindeberg's method (ctd)

If [h""(z)| < C for all x, by third order Taylor expansion to h(ST(Lk))—h(Yn,k)
and A(S$Y) = h(Y;, 1), we have

[E[A(S0)] = N(h)] < Z(E A(sED))|

n
< Ljam) (zmnn,kﬁ ]
k=1 k=1

When X7, ..., X;, be i.id. rv. with E[X;|3 < oo, then &, = % and we

have
A"l

[EIA(S,)] ~ N ()] < CTL.
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A new point of view

E[h(SH) = h(S{ED)] = E[A(S{) = h(Yar)] = E[R(SEY) = h(Yo)]
= E{E[h(Yok + 1) [V k] — P(Ynie) }
— E{E[~(Yok + &n) Yokl — P (Ynk)]
=E{Ph(Ynk) = h(Ynr)} — E{QR(Ynk) — h(Ynk)}

where Ph(x) = E[h(x + 1y )] and Qh(z) = E[h(x + &)
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A universal approximation theorem: P. Chen, Q. M. Shao

and X. (2022+)

Theorem 0 (General framework)

Let N > 2 be a natural number and let h : E — R be a measurable function
such that: (1). E|h(X])| < oo and E|h(Y}!)| < oo for all z € E,y € E,
t < N and k < N; (2). the function uy(z) := Eh(X}) for k > 1 satisfies
E|AX u,(Y;)] < oo and EJAXu,(X,)7)| < oo for all 1 < j,k < N and
0<t<1. Then

Eh(Xy) —Eh(Yy) = I+IT+ 117, (1)
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A universal approximation theorem

Theorem 0 (General framework (ctd))
where A% and AY are the infinitesimal generators of (X¢t)e=0 and (Yi)r>o0

respectively, and

N-1
I=) E[A%uy—;(¥j1) = A uy—;(¥j-1)],
j=1
N-1 1 v
17 = E/ [.A uN_j(XSJ*I) —.AXUN_]‘O/j_l)]dS,
j=1 70
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A remark about the theorem

To use the theorem, we need to
@ choose the function family of h, e.g.

» bounded measurable: TV metric

> Lipschitz: Wasserstein-1 metric
@ bound the three terms Z-Z77Z: PDE method, heat kernel, Malliavin
calculus.
@ We have applied this framework to study the following problems: nor-
mal approximation, stable approximation, SGD approximation, SVRG

approximation, EM scheme approximation,...
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stochastic differential equation driven by stable noise

The SDE
dXt = b(Xt) dt + dZt, XO = X,

where
o z € R% is the starting point,

@ (Zi)¢>0 is a d-dimensional, rotationally invariant a-stable Lévy process

with index a € (1, 2),

@ b is Lischitz, there exist some ¢ > 0, K > 0 such that for all x,y

(b(x) = b(y),x —y) < —clz —y]* + K.
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The EM scheme

EM scheme:

1/a

Yo ==, Yk+1 :Yk—l—nb(yk)—l-n Zk—i—l, k=0,1,2,...,

where
° Zl, Zg, --- is an iid sequence with Pareto distribution, i.e.

~ c
Zy ~p(z) = Tz[erd L1,00)(121),

@ 7 is the step size.
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Ergodicity of EM scheme and SDE

Under the condition: b is Lischitz, there exist some ¢ > 0, K > 0 such that

for all z,y
(b(x) = b(y),x —y) < —clz —y[> + K,
we have
o (X})t>0 is ergodic, denote the ergodic measure by u,

o (Y})k>0 is ergodic, denote the ergodic measure by /i,,.
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stochastic differential equation driven by stable noise

Theorem

(Chen, Deng, Schilling, X.) As b satisfies the above condition, there exists

a constant C' such that the following two statements hold:

@ For every N > 2, one has

Wi (law (X ), law(Yy)) < C(1 + |z])p*/*".

@ One has

Wi (e, ) < O/,

where ;i and pi, are ergodic measures of (X;)i>0 and (Yi)k>o0-
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Some recent work on stable type processes

o Stable random fields: Xiao, Peligrad, Sang, Yang,...,...,

@ Stable type processes: Chen, Kyprianou, Wang, Schilling, Song, Xiao,
Yang, Zheng...,...,

@ SDEs driven by stable processes: Deng, Kyprianou, Schilling, Wang,
Zhai, Zhang, Zhang,...,...,

@ EM scheme: Bao, Huang, Schilling, Yuan,...,...,
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The strategy of the proof

@ For a Lipschitz function h, define
Ph(z) =EMX]), Qrh(z) =EL(Yy).

@ The framework can be simplified in this special case as

Pnph(z) — Qnh(x ZQz 1(Py — Q1) Piv_iyh(x).  (2)

=1

o Need to estimate (P, — Q1) Ph(x):
» the regularity of Ph(x) plays a crucial role,

» we use Malliavin calculus to study it.
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e Z; := Wg,, where Wy is a d dimensional standard Brownian motion,

{St}i>0 be an independent §-stable subordinator.

@ The equation can be rewritten as
dX; = b(Xy)dt +dWsg,, Xp=x. (3)
Given a sample path [; from the subordinator S, consider the SDE:
dX! =b(X!)dt +dwy,, Xo=x. (4)

o Pih(x) = E[M(X])] = E[EM(X;")]li=s] = E[P}h(x)]i=s].

o How to get the regularity of P/h(x)?
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A subordinator path and its approximation

@ Given a sample path [; from the subordinator S, it is cadlag and

nondecreasing.

@ For every € € (0, 1), define its approximation as

1 t+e
Iy :—/ lsds + et.
€ Ji

@ Let v be the inverse function of [f, then

le=t, t>15 and 7 =t, t>0.

The2nd |

Lihu Xu (University of Macau) Euler-Maruyama scheme for the SDE driven k 22 /29



Time change (Zhang, SPA, 2013)

e By definition, 75 is absolutely continuous on [[§j, 00). Let us now define
© .yl
v/ = XL, >
@ Changing variables in (4) we see that for ¢ > [,

t
Yf::c—{—/ b(Yf)ﬁ;derWt (5)

15

(7S denotes the derivative in s).
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Time change and Malliavin calculus (Zhang, SPA, 2013)

o We apply Malliavin calculus to the SDE w.r.t. Y} and obtain the

regularity of the associated semigroup.

@ Recall
c._ IS
Y, = Xﬁ, t > 1,

transfer the regularity w.r.t. Y to that w.r.t. Xfy}

@ Pass to the limit of X% to X} as € — 0, and obtain the regularity of
Plh(z).
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2/a—1

is optimal

The rate n

We shall use OU stable process to verify that our convergence rate is optimal:
dX; = —Xydt + dZ;.
Choose the Lipschitz function h(z) = 4 (Sigxl{z;éo} + 1g—0y).

Wi, )

> |E[h(Y,)] - E [h(a‘l/o‘Zl)} ‘

_ /(2]1”/ Zﬁ‘”dg) P(Y, € dx) — /(211\4/ 1€ng> Pa~37 € d
- 2M/ ZfYn dg—ﬁ IE[eifo‘l/azl dg‘

-l [ ] el s
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Summary and the future work

Summary

@ We introduce a probability approximation framework by modifying Lin-

deberg principle.

@ We show by this framework that the EM scheme of SDE driven by

stable process can approximate the ergodic measure of the SDE.
The future work

@ The noise is multiplicative, we need a non-adaptive Malliavin calculus

(Chen, X., Zhang and Zhang).
@ The step size is decreasing (Chen, Jin, Xiao, X.).
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