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model with Lotka—Volterra competition
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Abstract. This paper is concerned with the global dynamics of a two-
species Grindrod clustering model with Lotka—Volterra competition. The
model takes the advective flux to depend directly upon local population
densities without requiring intermediate signals like attractants or repel-
lents to form the aggregation so as to increase the chances of survival of
individuals like human populations forming small nucleated settlements.
By imposing appropriate boundary conditions, we establish the global
boundedness of solutions in two-dimensional bounded domains. More-
over, we prove the global stability of spatially homogeneous steady states
under appropriate conditions on system parameters, and show that the
rate of convergence to the coexistence steady state is exponential while
the rate of convergence to the competitive exclusion steady state is alge-
braic.
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1. Introduction

The reaction-diffusion systems have been advocated to interpret numerous bi-
ological phenomena such as wave propagations [13,41], pattern formation [16,
25], ecological invasions [11,19], competition of species [18,23], wound heal-
ing [39], and so on (cf. [5,33]). However, in many biological processes involving
directed motions, such as chemotaxis and predators seeking prey (prey-taxis),
reaction-diffusion models may not be adequate to describe how organisms
move and disperse. For instance, Rowell in [37] explains how models with
random diffusion fail to explain certain ecological phenomena and do not ac-
curately reflect the non-Brownian motion of individuals. The Lotka—Volterra
type predator—prey system with random diffusion only is unable to produce
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spatial patterns (cf. [47]) to interpret the spatiotemporal heterogeneity ob-
served in the field experiment [24,45]. Rational movement along resource gra-
dients has been thought to reduce the diffusive effect and result in clustering
and formation of colonies to increase the chances of survival of individuals like
human populations forming small nucleated settlements which grow as the
population saturates locally. Incorporating both random and rational move-
ments, Grindrod [15] proposed models of individual clustering in single-species
and multi-species communities by taking the advective flux to depend directly
upon local population densities without requiring intermediate signals like at-
tractants or repellents.

Let us first briefly review the origin of Grindrod clustering models [15].
Classically, models for the spatial dispersion of biological populations have the
form

Uy = Ad’(“) + f(u,l‘,t),

where u(z,t) denotes the population density at location = and time ¢, and
f(u, z,t) represents population kinetics due to the birth and death; ¢ satisfies
»(0) = 0 and ¢'(u) > 0 for u > 0. As highlighted in [15], the above model
contains no aggregation mechanism such as swarming, herding, and cluster-
ing of individuals, which can serve as a balancing factor between death and
birth rates and increase survival chances. To incorporate this phenomenon, a
modified population balance equation reads

du=—V - (uV(u,t,z)) +uE(u,t,x),

where V and E are the average velocity of individuals and the net rate of
reproduction per individual, respectively. E typically has the form

B(u) = 1—u, monostable case,
W= (1 —u)(u —a) for some a € (0,1), Dbistable case.

Considering random diffusion with a probability 6 € (0,1), and deterministic
dispersion with the probability 1 — ¢ in an average velocity w to increase
the expected net rate of reproduction, V' responding to v and E is given by
V = —6¥% 4+ (1 — §)w. The former obeys Fickian diffusion ¥, while the
latter is supposed to increase the net rate of reproduction per individual, such
as w ~ A\VE with A > 0. This leads to the following model [15]

Ou = 0Au— (1 -0V - (uw) + uE(u, t, x),
—eAw +w = A\VE(u),

where € > 0 is a small constant accounting for the small fluctuation to smooth
out any sharp local variations in VE. After some rescalings, and assuming that
the environment is homogeneous, the single-species model proposed in [15]
reads

uy = dAu — xV - (uw) + yuE(u), z € Q, t > 0,

—eAw +w = VE(u), z€eN, t>0, (1.1)

u(x,0) = uo(x), x € Q,
where Q C R™ (n > 2) is a bounded domain with a smooth boundary, Variables
u(z,t) and E(u), and the parameter £ have the same meaning as above, w(z, t)
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denotes the average velocity increasing the expected rate of reproduction of
individuals up to a rescaling. The parameters d, x,y are all positive.

In the case of multi-species communities, the interspecific interactions
(like competition or cooperation) between different species are indispensable.
In particular the m-species Grindrod clustering model with competitive inter-
actions reads as (cf. [15])

Opu; = d; Au; — Xiv . (uzwl) +u B, x € Q, t>0,
—g;Aw; +w; — VE; =0, r e, t>0, (12)
u;(x,0) = uio(x), x € Q,

with
m
Ei = Ei (U/lau27"' ,um) = a; _Zbljuj7 1= 1727"' , M,
j=1

where all parameters d;, x;, €i, a;, b;; are positive. The original no-flux bound-
ary condition (i.e. no individuals can cross the boundary) proposed in [15,
formula (2.4)] for the two-species Grindrod clustering model (i.e., m = 2) is

Vu; - n=w;-n=0, on 09, =12,

where n denotes the unit outer normal vector to the boundary 0€2. However,
the above boundary condition w; - n |go= 0 for w; is inadequate to warrant
the global well-posedness of the model (1.2) in multi-dimensions (n > 2). This
limitation was identified by Nasreddine [34-36] for the single-species Grindroid
clustering model, where the additional boundary condition % X1 |po=01is
suggested for the velocity w. Such a kind of boundary condition is not peculiar,
see e.g. [12,38] for other models incorporating this kind of boundary condition.

Accordingly, for the m-species Grindroid clustering model (1.2), we incorporate

the boundary condition % xn |go= 0 for w; (¢ = 1,2,--- ,m). Therefore,
the boundary conditions of (1.2) to be considered are

Vu, - n=w; - n=0, Oaw; xn=0, on 99, i=1,2,---,m. (1.3)
As usual, for vectors a = (aj, a2, -+ ,a,) and b = (by,ba, -+ ,by), the cross

product a x b is the number a1by — asb; if n = 2 and the vector (asbs —
asba, a1bs —asby, arby —aghy) if n = 3. In one dimension (n = 1), the condition
OnW;xn = 0is not needed. The Dirchlet boundary condition w|gn = 0 satisfies
the condition for w in (1.3). Though the Grindrod models were proposed three
decades ago, there is no mathematical result available, except some prelimi-
nary results obtained for the single-species Grindrod model (1.1) with bound-
ary conditions in (1.3). Nasreddine [34] proved the local-in-time existence of
strong solutions of (1.1) with (1.3) in multi-dimensions for (u,w) € WP(Q)
with p > n and global existence of strong solutions to (1.1) in one dimen-
sion with (1.3) for both monostable and bistable functions E(u) as well as
L? convergence of solutions to constant steady states in the monostable case.
The global existence of strong solutions of (1.1) with (1.3) in two dimensions
was later established in [36], where the solution bound in W?(Q) depends
on time and the possibility of blow-up at infinite time was not precluded. The
diffusion vanishing problem of (1.1) with (1.3) as € — 0 in one dimension was
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investigated in [35], and the existence of traveling wave solutions of (1.1) in R
was established in [21] for E(u) = 1 —u. The planar and radial traveling wave
solutions of single-species and two-species Grindrod models with monostable
function E(u) in R™ was investigated in [26] alongside numerical simulations
and found that directed motion can have substantial impacts not only on wave
speed but also on the existence and structure of emergent patterns. The pat-
tern formation of the two-species Grindrod model (i.e. (1.2) with m = 2) with
(1.3) in a two-dimensional convex domain was studied in [27], by assuming
w; = V¢, for some potential functions ¢; (i = 1,2), for three interspecific
interactions: competition, generalist predator—prey and predator—prey. In par-
ticular, how the advective dispersal of species in heterogeneous resources and
hazards leads to asymptotic steady states that retain spatial aggregation or
clustering in regions of resource abundance and away from hazards was exam-
ined. By investigating pattern formation of the multi-species Grindrod model
(1.2) approximated by a non-local cross-diffusion model, the authors of [40]
proved that the Turing patterns, which were impossible for the two-species
models, may arise for m-species Grindrod models with m > 3.

From the above literature review, we see that the qualitative understand-
ing of the Grindrod clustering models remains poorly understood, especially
whether the solution blows up in infinite time in multi-dimensions is incon-
clusive and the large-time behavior of solutions is also unclear. This paper
is devoted to exploring these basic questions. Without loss of generality, we
consider the two-species Grindrod clustering model with competitions

8tu1 = dlAul — le . (’LL1W1) + ulEl(u1,u2), T € Q, t> 0,
Opug = doAug — X2V - (ugws) + ug Eo(u1, uz), xEN, t>0,
—1Aw; +wy = VEl(ul,uQ), rzeQ, t>0, (1 4)
7€2AW2 + woy = VEQ(ul,Ug), T € Q, t> 0, ’
Vuin=w; - n=0, O,w; xn=0, i=1,2, x eI, t>0,
(u1,u2)(z,0) = (u19, ug) (), T € Q,

with

Ei(uj,ug) =y —u; —cug and FEs(uy,us) := 3 — buy — ug, (1.5)

where Q C R? is a bounded domain with a smooth boundary and n is the unit
outward normal vector of 912, and all parameters d;, x;, i, 7vi, b, ¢, i € {1,2},
are positive. We underline that the boundary conditions in (1.4) (see also
(1.3)) means that d,w; is parallel to n on 0§, which along with the boundary
condition w; - n |sgo= 0 implies

Wi - 0aw; |oa=0, i,j€{1,2}. (1.6)

We remark that without advection (i.e. x1 = x2 = 0), the first two equa-
tions of (1.4)—(1.5) have no components w;(¢ = 1,2) and become the well-
known competition-diffusion Lotka—Volterra model which has been well stud-
ied (cf. [4,30]). The competition models with advection have also been widely
studied in literatures (cf. [1,2,6-9,14,50]). All these works have assumed that
the advection is biased to the concentration gradient of given resources. The
competition dynamics in advective environments like the river or stream were



NoDEA Global dynamics of a two-species clustering model Page 5 of 42 47

also studied (cf. [29,31]). We refer to [48,49] for the study of global dynamics
of diffusion-advection competition models with more general diffusive and/or
advective coefficients. When the advection is modeled by the prey-taxis in
a predator—prey system, the competition dynamics were investigated in [44].
Evidently, the advection considered in the Grindrod model (1.4)—(1.5) are dif-
ferent from those considered in the existing studies mentioned above.

In this paper, we shall establish the global boundedness and time-asym-
ptotic dynamics of solutions to (1.4). Our first result concerning the global
existence and boundedness of classical solutions is stated in the following the-
orem.

Theorem 1.1. Let Q C R? be a bounded domain with a smooth boundary. As-
sume uig, uzg € WHP(Q) with p > 2 and uig,uz0 2 0. Then the system (1.4)
admits a unique classical solution (u1,us, W1, W) satisfying

u; € CO(Q x [0,00)) N C%1(Q x (0,00)), r
_ 1=
w; € [C%1(Q x (O,oo))]Q7 o
and uy,uz > 0 in Q x (0,00). Moreover, there exists a positive constant C
independent of t such that
2
Z (||ui(-,t)||wl,p(g) + ||Wi(',t)||wl,p(g)) <C forallt>D0. (1.7)

i=1

Next, we explore asymptotic dynamics of (1.4). Except the extinction
steady state (0,0, 0, 0), the system (1.4) has three possible homogeneous steady
states (u1s, u2s, 0,0) depending on the value of parameters b, ¢, v1, 2. They can
be classified into the following three categories similar to the classical Lotka—

Volterra competition system (cf. [30]):

e Case 1. Weak competition: ¢ < % <3

ips . . 1 1
e Case 2. Competitive exclusion: j/—; < min{z,c} (resp. j/—; > max{z,c}).
e Case 3. Strong competition: % < % <ec.
Then the corresponding homogeneous steady state (u s, ug s, 0, 0) can be solved
as follows:
(0,72) or (71,0) or (uf,u3), in Case 1,

(10, 425) = {

(07’72) or (7170)7 in Case 27
where
* * Y1 — Y2C Y2 — 71b
= . 1.
(u7,u3) ( T—be ’ 1—be ) (1.8)

To state our main results on the large time behavior of solutions, we introduce
some notations. Denote the function

1 2,2
fz,y) = # >1 forz,y>0andzy <1, (1.9)
—xy
and define two positive constants
16d 16d
K= —28 and Ky o= 2 (1.10)
X1 X2
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Moreover, when ¢ < % < % (weak competition), define two positive constants

2u} (% —u3(1+ be)

K2 - f(bv C)U,;

Ki = if Ky > £(b,c)ul (1.11)

and

1—bc
Ky — f(ba C)U’ik

Our second result is stated in the following.

2us ( K x(1 —|—bc))

it K1 > f(b,c)ui. (1.12)

Theorem 1.2. Suppose that the conditions in Theorem 1.1 hold. Then the so-
lution (uy,u2, w1, wa) of the system (1.4) obtained in Theorem 1.1 has the
following convergence properties.

(i) Assume c < 1b < 3 and (u},u3) is given by (1.8). If (K1, K2) defined in
(1.10) satisfies

Ky > f(b,c)u; and Ky > K3, (1.13)
or
Ky > f(b,c)uy and K; > KT, (1.14)
then there exist positive constants C' and A independent of t such that
2
> (1) = 6 Iy + Wil ) < Ce™ast — oo,
i=1
(ii) Assume 2= < min{},c}. If

2 b2 2
Ko> f (b L) q, = 20000 (1.15)
Y2 Yo — b1

then there exists a positive constant C independent of t such that

s (5 E)[[w,oe ) + llua () = Y2l o

2
C
E i o < — t .
+i:1 ||Wz||W1, Q) = 1+t ast — o0
(iii) Assume 2L > max{3,c}. If
2 2.2
2 +c
o (2) e
Y1 Y1 — €2

then there exists a positive constant C' independent of t such that

[ur (-5 8) = llwroe () + w2 (s D)oo o)

2
C
+Z||Wi||Wl,oo(Q) < m as t — oo.
i=1
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K, "y x

FIGURE 1. Tllustration of ¥ defined by (1.16)

Remark 1.1. Tt is unclear whether the parameter regime of (K7, K) satisfying
(1.13) or (1.14) in Theorem 1.2(i) is admissible. Below we shall confirm this
and further show what the admissible regime looks like. First, one can check
that (K7, K3) defined by (1.11) and (1.12) satisfies

K} > f(b,c)uy >uj and K3 > f(b,c)ud > u.
Viewing K7 and K3 as functions of K5 and K according to (1.11) and (1.12),
respectively, we get
QUT IK 211,; IK

1—bc+K2—f(b,c)u§ o 2 1—bc+K1—f(b,c)u’1"

*
Ky
where

I — 2uiuy(f(b,c) + b2 — 1)
K (1 —1bc)

due to f(b,¢) > 1. Therefore, K; (resp. Kj) decreases monotonically with
respect to Ko € (f(b, c)ub,+00) (resp. K1 € (f(b, c)uf, +00)). Let

Y = {(K1, K3) | (K1, K3) satisfies (1.13) or (1.14)}, (1.16)

>0

then the region of ¥ is showed in Fig. 1.

The rest of this paper is organized as follows. In Sect. 2, we shall address
the local existence of solutions to (1.4), and then we will use an extension cri-
terion to prove that the local solution is actually uniformly bounded and exists
globally in time in Sect. 3. In Sect. 4, we shall prove the global stabilities stated
in Theorem 1.2 by constructing Lyapunov functionals along with compactness
arguments.

2. Preliminaries: local existence and some inequalities

Before proceeding, we introduce some notations used throughout the paper.
Notations:
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e For brevity, we abbreviate fo Jo f(.s)dxzds and [, f(-,t)dx as fo Jof
and [, f, respectively. In addition, C’ and C; (1 = 1,2,3 -+ ) stand for
generic positive constants which may vary from line to line.

e WrP(Q) = {u € LP(Q) : D% € LP(Q) for 0 < |a| < k} denotes the
usual Sobolev space, where D®u is the weak partial derivative. If p = 2,
we write H*(Q2) = WF2(Q).

In this section, we establish the local existence of solutions to the system

(1.4) under appropriate initial conditions. Moreover, we shall collect and prove

some useful inequalities which will be used in the subsequent sections. To begin
with, we consider the regularity of the solution w to the following system:

{—Aw—i—uw:f in Q,

w-n o= 0, Ooaw X n |9o=0, if n =2,3, (21)

where p € {0,1} and f € (LP(2))" for some 1 < p < +oco. The system (2.1)
has the following properties.

Lemma 2.1. (cf. [38, Theorem 3, Theorem 4, Remark 5]) Let p =0 and Q C
R™, n € {2,3}, be a bounded domain with a smooth boundary.

(i) If £ € (LP(Q))" with some 1 < p < +oo, then the system (2.1) has a
unique solution w € (W*P(Q))" satisfying
[Wlwzr@) < Clp,n QIfl| e (), (2.2)
where C(p,n, ) is a positive constant depending only on p, n and S.

(ii) If f € (CPH*(Q))™ with some a € (0,1) and k € N, then the system (2.1)
has a unique solution w € C**25(Q) for some 3 € (0,1) and

[Wllcre28q) < Clk, a, B,m, Q)| ok .0 ) (2.3)
where C(k, v, B,n,Q) is a positive constant depending only on k, «, B, n
and €.

Now we prove the following results for the case p = 1.

Lemma 2.2. Let p =1 and Q C R™, n € {2,3}, be a bounded domain with a
smooth boundary.

(i) If f € (Hk(Q))n with k € {0,1,2}, then the system (2.1) has a unique
solution w € H*T2(Q) satisfying
(Wl mrt200) < C(k,n, Q)IE] g+ (o) (2.4)

where C(k,n, Q) is a positive constant depending only on k, n and €.
(ii) If £ € (LP(Q))" with some 1 < p < +o0, then the system (2.1) has a
unique solution w € (W2P(Q))" satisfying

[Wllw2r) < Cp,n, Q)If|lLr ), (2.5)

where C(p, n,ﬁQ) s a positive constant depending only on p, n and €.
(iii) If f € (C**(Q))™ with some a € (0,1) and k € {0,1,2}, then the system
(2.1) has a unique solution w € C*+25(Q) for some 3 € (0,1) and

[Wllcrez8q) < Clk, a, B,m, Q)| ok .0 () (2.6)
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where C(k, «, B,n,Q) is a positive constant depending only on k, o, 3, n
and Q.

Proof. The existence and uniqueness of the solution to (2.1) for g =1 can be
established by similar arguments for (2.1) in the case of p = 0 (cf. [38]). Below
we only prove the regularity properties given in (2.4)—(2.6).

(i) Since the proof of (2.4) involves tedious calculations, we place it in
Appendix A (see Lemma Al and Lemma A2 in Appendix A).

(ii) Next we prove (2.5). The first equation of (2.1) can be rewritten as

—Aw="f —w. (2.7)

Therefore, in view of (2.2) and (2.7), it is sufficient to prove that for p € (1, ),
there exists a positive constant C(p,n, ) such that

If —wllzr)y < Clp,n, DIl r () (2.8)

We consider three cases: p > 2, g <p<2and 1l <p< g First, if p > 2, it
follows from f € (LP(Q))" < (L*(2))" for p > 2 and (2.4) that w € (H*(Q))"
with [[Wl| g2(q) < C(p,n, Q)||f|| s (o), Which alongside the Sobolev embedding
(H2(9))" — (LP())" yields
[wllzr @) < C(p,n, D|fl|Lr )

and hence (2.8) holds for p > 2. Secondly, if g < p < 2, we claim that

the solution w to (2.1) satisfies ||Wl| g1 () < C(p,n, Q)[f]1r(0)- (2.9)
To this end, we define the real Hilbert space (cf. [10])

X :={ue(H'(Q)"|u-n=00n092} with the norm

1

lull = [ 19u2)

Since H'(Q) «— LS(Q) — LP"(Q) = (LP(Q))* with p* := L= we have f €

p—17

(LP(Q))™ — (H'(Q))*. Define the bilinear form BJ-,-] on X by
Blu, V] ::/VU'VV+/U~V, Vu,veX.
Q Q

Then we have
|Blu, V]| < [[Vullz2)[IVVIL2 @) + [[ullzz@)l[VII2)

< ull i) IVl g1 (o)
<Clullxllvlx VuveX,

where we have used the fact that the X norm is equivalent to the usual H' ()
norm (cf. [12]). Moreover,

Blu,u] = |[ullzi gy = Clulk, VueX. (2.10)
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Therefore, by the Lax—Milgram theorem, we obtain that for each f € (LP(Q))"
with g < p < 2, there exists a unique uy € X such that

B[uf,v}:/f-v7 VvelX.
Q

Therefore, by (2.10), Holder’s inequality, the Sobolev embedding H!(Q2) —
LP"(R2) and the equivalence of X norm and H'(Q2) norm, we have

hallZ: () < Cllulk < CBlu,u] < C/Qf~u < Clifllze oIl ()

< Clfllze) lall g
for all u € X, that is
lallg ) < Cllfllzr), VueX.

Therefore, the claim (2.9) is proved since the solution w to (2.1) satisfies
w € X, and hence (2.8) holds for g < p < 2 due to the Sobolev embedding
H(Q) — LP(Q). It remains to consider the case 1 < p < &. We let a :=

5
575, € (1,2) which satisfies

3a=(a—1)p*. (2.11)

n %
Then |w|* = (Z wf) satisfies

i=1
Alw|® = a(a = 2)|w[*Hw - Vw[? + a|w|*2 (VW] + w - Aw) in Q,
Wl =a Y |W[*2w;0;win; = a|lw|* 2w - Opw =0 on 09,
ij=1
(2.12)
where we have used w - O,w = 0 on 92 due to the boundary conditions of w
n (2.1). Integrating the first equation of (2.12) on Q by parts with d,|w|® =0
on 0N and using —Aw = f — w in 2, one has

(a=2) [ w2 v
Q Q

:—/ |w\a_2w~AW:/ |w|* 2w - (f —w),
Q Q

which together with @ — 2 < 0 and [, |w|**|lw - Vw[|* < [, [w|*2|Vw]|?
implies

(@=1) [ 1wl wwp o [ ws [t @
Q Q Q
With (2.11) and (2.13), we are in a position to use the same arguments as
in [38, pp. 133-134] to show that
[Wllzse () < ClIlLr o)

By 3a > 3 and Holder’s inequality: L3*(Q) < LP(Q) for 1 < p < &, we know
that (2.8) holds for 1 < p < ¢. Therefore, we have proved that (2.8) holds for
p € (1,00) as desired.
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(iii) If f € (Ck2(Q))™ with some o € (0,1) and k € {0,1,2}, then (2.4)
implies
Wl gx2()y < Ok, n, Q|| gr o) < C(k,n,Q),

which together with the Sobolev embedding H**2(Q) — C*?(Q) for any
0 e (07 2 — ﬂ) shows that

2
f—we (CF'(Q)n (2.14)

for any o/ € (0,min {a, 3}). In view of (2.3), (2.7) and (2.14), (2.6) is proved.
O

We are now in a position to show the local existence of the unique classical
solution to (1.4).

Lemma 2.3. Let Q C R? be a bounded domain with a smooth boundary. Assume
w10, u0 € WHP(Q) with p > 2 and uig,usp = 0. Then there exists Tyaz €
(0, 0] such that the system (1.4) has a unique classical solution (uy, us, W1, Wa)
satisfying
u; € COQ % [0, Taz)) N C*HQ x (0, Thnaz)),
{wi € [CP(Q x (O7Tmm))]2,

and ui,us > 0 in Q X (0, Tyhaz). Moreover,

i=1,2,

Zf Tmam < 00, then t_];l%n (||u1(~,t)||wl,p(g) + ||’u,2(-,t)le,p(Q)) = Q.
(2.15)

Proof. Fix R > 0, and define for T' € (0,1)
Xg(T) = {(ul,UQ) € C ([0, T]); WhHP())

sup [lur(t)|lwrr + sup [lua(t)|lwre SR}7
te[0,T] t€[0,T

which is a complete metric space with the metric

dx(u,v) = sup [ur(t) —or(O)lwrr + sup [Jua(t) —va ()|
T tel0,T

tefo, [,
for u = (u1(t),uz(t)) € Xg(T) and v = (v1(t),v2(t)) € Xgr(T). For any
u = (uj,uz) € Xg(T) and t € [0,T], by p > 2 and Lemma 2.2 we know
that there exists a unique solution (w1, ws) € (HQ(Q))2 X (HZ(Q))2 to the
following system
{ —EiAWi(t) + Wl(t) = VEZ'(Ul, 'LLQ), )

1=1,2, in Q,
w; -n=0, Ihaw; xn=0, =1,

2, on 0.

Letting (em) >0 denote the Neumann heat semigroup on Q, we introduce a

mapping ® = (1, P2) on Xz(T) by defining

i (t) = @ (ur, u2)(-, 1) = " uyg

t
+/ et EA LT (xquwi) + i By (ur, ug)} (-, 8)ds
0

(2.16)
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for i = 1,2, where (w1, w2) € (HZ(Q))2 X (HQ(Q))2 is the solution of (2.16)
uniquely determined by the given u = (u1,us) € Xg(T') according to Lemma
2.2. Then one can show that ® is a contraction map from Xpr(7T) into itself
if T' is sufficiently small by a standard argument (see e.g. [34, Theorem 2.2]).
Therefore, for sufficiently small T, by the Banach fixed point theorem, there
is a unique (u1,us) € Xg(T) such that

(u1,uz) = (U1, U2) = ®(u1,uz) = (P1(u1, u2), P2(u1, u2)),
and (u1,ug2, w1, Wo) is a unique strong solution of the system (1.4) satisfying
;€ C([0,T),WhP(Q))NC ((0,T), W?P(Q)),
w;(t) € (H*(Q))” forallte[0,T),
Based on a bootstrap argument, we can use Lemma 2.2, the LP-estimate
and the Schauder estimate (cf. [28]) to show that the unique strong solution
(u1,ug, w1, ws) of the system (1.4) satisfying (2.17) is actually a classical so-

lution. Finally, uq, us > 0 follows from the maximum principle. To be precise,
we rewrite the first equation of system (1.4) as

Opuy — diAuy + x1w1 - Vug + Q1(x,t)uy =0, z € Q,t € (0,T)
(

G =0, cedte(0,T), (2.18)
u1(z,0) = uio(x), z e,

where Q1 (x,t) :== x1V - w1 — Eq(u1,uz) for (z,t) € Q x (0, 7). Then one can
apply the strong maximum principle to system (2.18) and gets that u (z,t) > 0
for (z,t) € Qx(0,T). Similarly, it holds that us(x,t) > 0 for (x,t) € Qx(0,T).
The proof is completed. O

Next we prove a useful Lemma.

Lemma 2.4. Let Q C R™, n > 1, be a bounded domain with a smooth boundary,
and let r,q > 1 be two constants satisfying

1 1 1 1 1 1
->—-—— and —>———. (2.19)
q 2 n roqg n

Then for any ¢ € H?(Y) satisfying g—"o = 0, there exists a positive constant

C depending only on Q, n, ¢ and r such that

I¥¢llza@) < € (1Al el

where
bedod
0= T3 1€ (0,1). (2.20)
FtaT3

Proof. First, one can use (2.19) to check that 6 defined by (2.20) satisfies
6 € (0,1). Using the Gagliardo-Nirenberg inequality, we have

IV¢llooy < € (ID?0l e @ lellito) +Iielre) - (221)
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Under the homogeneous Neumann boundary condition g—ﬁ‘ = 0, it follows

from [3, Lemma 1] that |Vo| g1 ) < C[|A¢| 12(q), which implies

ID?¢ll2 @) < Vel @) < CllAP] L2 (2.22)
The proof is completed by substituting (2.22) into (2.21). O

We recall the following basic result which will be used to investigate the
global stability of solutions.

Lemma 2.5. ([43, Lemma 1.1)) Let 7 > 0 and ¢ > 0 be two constants, F(t) >
0, [ H(t)dt < co. Assume that E € C*([r,00)), E is bounded from below and
satisfies

E'(t) < —cF(t)+ H(t) in [r,00).

If either F € C'([r,00)) and F'(t) < k in [r,00) for some k > 0, or F €
C([1,00)) and ||F||ca(r,00)) < k for constants 0 < o < 1 and k > 0, then

3. Boundedness of solutions

In this section, we focus on the global boundedness of solutions of the system
(1.4). Throughout this section, we assume that the conditions in Theorem 1.1
hold and (u1,u2, w1, wa) be a local-in-time classical solution of the system
(1.4) obtained in Lemma 2.3 with a maximal time T),,.. First of all, we give
the following basic property for the solution components w; and ws.

Lemma 3.1. Fori,j € {1,2}, the solution of (1.4) satisfies

/Awi~wj:—/Vwi-VWj.
Q Q

Proof. Denote w; = (wii), wéi))7 1 = 1,2. Using integration by parts we get

2
/Awi~wj=Z/Aw,(:)-w,(j)
Q P i0)
: / (i) W L. ( (i) ) ()
==Y [ vu - vuy +Z/ V) -n)wds.  (3.1)
k=179 k=199

By (1.6) we have

2 2
Z/ (Vw,(:) . n) w,(j)dS = Z/ w,gj)anw,gi)dS = / W - Onw;dS = 0.
k=17 0% 1”09 90

This together with (3.1) completes the proof. O

The following result is a basic property about the uniform-in-time bound-
edness of u; and us in L' ().
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Lemma 3.2. Suppose that the conditions in Theorem 1.1 hold. Then for i =
1,2, it holds that

+ 7
||Ui(',t>HL1(Q) < maX{||ui0|L1(Q) (MQ|} for allt € (O,Tmaw).
(3.2)

Proof. Integrating the first equation of (1.4) with respect to x € Q, and using
Vui - n |pa= w1 -1 |pa= 0, uy, us > 0 and the Young’s inequality s <
1524 1+71 for s > 0, we have

Thn
*/U1<W1/U1—/U%
at J, "
1+
<~ /U1 /{1+’Y1 up — ( 471)

1
= 7/ uy + ﬂm‘ for all t € (0, Thnax)- (3.3)
Q

An application of Gronwall’s inequality to (3.3) yields (3.2) for ¢ = 1. Similarly,
(3.2) holds for ¢ = 2. This completes the proof. O

Now we are in a position to derive the following estimates.

Lemma 3.3. Suppose that the conditions in Theorem 1.1 hold. Then there exist
two constants k > 0 and C > 0 independent of t such that for all T € [0, Traz)
and t € (0, Trax — 7), it hold that

/ U1 IOg U1 —|—/ U lOg us < C (34)
Q Q

and

2 t+71
S [ (19 + el + il + [ w0z ) s < kr+.C.
i=171
(3.5)
Proof. Multiplying the first equation in (1.4) by (logu; + 1) and integrating

the resulting equation by parts along with the boundary conditions in (1.4),
we have

Vuy|?
U1 logu1 =+ dl/ Q = X1 wi - Vuq —|—/ ulEl(ul,uQ)(logul 4+ 1)
Q

Q W Q
(3.6)

for all t € (0,T)4). For the first term on the right hand side of (3.6), using
integration by parts subject to the boundary conditions w -n |so= 0, one has

dt

13
Xl/ w1 Vg — —Xl/ uV wi < 9w
Q Q

2
+ 5 Tl for all € 0, Tonr).
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Multiplying the third equation of (1.4) by wy, integrating the resulting equa-
tion by parts along with the boundary conditions in (1.4), and using Lemma 3.1
and Young’s inequality, for all ¢ € (0, Tq.) one has
[V gy + 912 = [ (a4 cun) V- w,

Q

&1 2c?
< Z||VW1||2L2(Q ||u1||L2 @t — HU2HL2(Q

3.7)
The combination of (3.6)—(3.7) shows that

ullogul—i-dl/ |Vu1|

it §||VW1||2L2(Q) + ||W1||2L2(Q)

(2+x7) 2 2¢
€1

< [ wBxun, u2)(logus + 1) + sl + o uzl3acay (39)
Q 1

for all t € (0,T)4z). Similarly, for us, it holds that

\Y%
uzlogug—i—dQ/l u2| 62

d
dt 2 Twal ey + el
2+ 2b°
< [ wBatu,w)ous + 1)+ ED i+ 2l 39)
Q
for all ¢ € (0, Tynaz). Using (3.8) and (3.9), for all t € (0, T)qz) one has

v 2
(uq log uy + us logus) + / (uq log uy + usg logus) + dy ﬂ
Q

dt Q Q wl

[Vug|? ey 2 2 E2 2
T dy /Q R + ?||VW1||L2(Q) +Iwillz2) + EHVWQHLQ(Q)
1 1
+ w27y + luillieiq) + luallizq) + 5/01@ log uy + 3 /Q u3 log us

1
S/ulEl(ul,ug)(logul+1)—|—q1||u1||2L2(Q)+/ullogul—ki/u%logul
Q Q Q

:ZII

1
—|—/uQEg(ul,ug)(logu2+1)+qz||uQ||2Lg(Q)+/u2 loqu—i—i/u%loqu,
Q Q Q

=:1s
(3.10)

2 2
where ¢ := 20 4 % +1and g := % + % + 1. Clearly, the following

€ 2

results hold:
1
slogs < s? and — s(logs+1) < —slogs < - <1 foralls>0. (3.11)
e
Making use of (1.5), (3.2) and (3.11), we obtain
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1
Ilz/ul (y1 —u1 — cug) (logu1+1)+q1/u%+/u110gu1+f/uflogu1,
Q Q Q 2 Jo

1
:(l—l-'yl)/ullogul—k*yl/ul—f/u%logul
Q Q 2 Jo
70/ U1U2(10gu1+1)+(‘h*1)/u%a
Q Q

1
S(1+’71)/U?+71/ulfg/U?loguwc/uwr(qu)/ﬁ,
Q Q Q Q Q

1
< _5/ uflloguy —2(m1 + @)l + C  for all ¢ € (0, Tyau)- (3.12)
Q

The continuous function ¢(s) := s? [logs — 2(y; + q1)] for s > 0 is bounded
from below. In fact, ¢(s) > 0 for s € (s.,00) with s, := e2(+9) > 0 and

1
¢(s) > 5% logs — 2(y1 + q1)s% > o 2(n +q)si for s € (0,s.],

where we have used the fact that s?logs > —i for s € (0,00). This along
with (3.12) shows that

I, <C forallte (0, Tha)- (3.13)
Similarly, one can deduce that
I, <C forallte (0, Thaz)- (3.14)
Substituting (3.13) and (3.14) into (3.10), one has
%/ﬂ (uq loguy + usg logus) + /Q (uq loguy + usg logus) + dl/Q |V§11|2

[Vus|? e 2 2 €2 2
+ i [ F2 o R Twilie + I e + ZI w2l

1 1
Hlwala + lnl e + el +5 [ otosu +3 [ dlogu,

< C forallte (0,Thaz)- (3.15)
Finally, (3.4) is achieved by applying Gronwall’s inequality to (3.15), and (3.5)
is obtained by (3.4) and an integration of (3.15) with respect to t. O

With (3.5), we can obtain the following uniform-in-time estimates of
w1l pao) and [[uz||La(q) for g € (1,00).

Lemma 3.4. Suppose that the conditions in Theorem 1.1 hold. For any 1 <

q < o0, there exists a positive constant C(q) independent of t such that

||u1||%q(Q) + ||u2||%q(Q) S C(q) fO’]“ CL”t € (07Tmaz)' (316>

Proof. Multiplying the first equation of (1.4) by qu(f1 for ¢ > 1 and inte-
grating the resulting equation by parts subject to the boundary condition
Vui -1 |gn= w1 - n [spo= 0, we have
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4((] - 1)d1 HVU% 2

@ sy + F2e0)

=(¢—1x1 / wi - Vi +Q/ uf(y1 — u1 — cup)
0 O
—(q— 1)X1/ uiV - wy +Q/ uf(m —Ul)—ClI/ uguf
Q 0 0

= I3+ 1, — cq/ ugui for all t € (0, Tnaz)- (3.17)
Q

By Hoélder’s inequality we have
I3 < (¢ — Dxallull| 2@V - Wil 2@y for all t € (0, Traz), (3.18)
where it follows from the Gagliardo—Nirenberg inequality that

ludllzecey = luf 13ai0) < CUVUE oy luf [Fagqy + luf 2@ (3.19)
Substituting (3.19) into (3.18), and using Young’s inequality and Holder’s in-
equality, for all ¢t € (0, T}4z), one has

13 < C(q) (IVuf 2o luf L2y + uf 1220 ) IV - will 220
2(¢ — 1)du

q

< IVui 1720 + C@)[ui 172 IV - W1l 20

+C(@)uf 720 IV - Wil 2@

2((] — l)dl a
< 20190 ey + C@ur ey (I Williay +1) - (320
Using Hoélder’s inequality: [|u1||pe) < |Q|4<q1+1) lur]| Lat1 () and Young’s in-
equality: gyiud < (¢ — Dudtt + 4771 C(q), we have

1o <l 2 Clol
< —|Q|7% ||u1||q;;(19) +C(q) forallt € (0, Thaz)- (3.21)

Then the combination of (3.17), (3.20) and (3.21) shows that

d
a0y — C@) oy (IV - Wil3aqq) +1) +1017 5 |4, <0

(3.22)
for all t € (0, Tinaz)- Using (3.5), for all 7 € (0, Tynas) and ¢ € (0, Trnaz — 7),
we have
t+7 ) t+7 )
With (3.23), one can apply a nonlinear Gronwall’s inequality shown in [22,

Lemma 2.3] to (3.22) to obtain

Sup ||U1||%q(9) < C(Q) (3.24)
te(0,Tmax)
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Performing the same procedures as ui, one can deduce the following estimate
for uy as

sup ||u2||qu(Q) < C(q)a
t€(0,Tmax)

which along with (3.24) completes the proof. O

The following uniform-in-time estimates of w; and wo in W2(Q) can
be easily obtained.

Lemma 3.5. Suppose that the conditions in Theorem 1.1 hold. Then there exists
a positive constant C' independent of t such that

||W1||W1f2(Q) =+ ||W2||W1’2(Q) < C fO’f‘ allt € (O,Tmaz). (325)

Proof. In view of (3.7) and (3.16), we get ||[w1||y1.2(q) < Cforallt € (0, Trnae)-
The estimate for wo follows similarly. O

Now we are in a position to derive the L°°-boundedness of u; and us by
the LP-L9 estimates of the Neumann heat semigroup.

Lemma 3.6. Suppose that the conditions in Theorem 1.1 hold. Then there exists
a positive constant C independent of t such that

||u1(',t)HLoo(Q) + ||UQ(',t)||Loo(Q) <C forallte (0,Thaz)- (3.26)
Proof. Tt follows from (3.16), (3.25) and the Sobolev embedding W2(Q) —
L5(Q) that

luiwillzao) < llutllpe)l|Willzs) < € for all t € (0, Thnaz),  (3.27)
where Holder’s inequality was used. Now given ¢ € (0, Tyq4.), we let tp =

(t — 1)4. Applying the variation-of-constants formula, using u;, ug > 0 and
the comparison principle, for all ¢ € (0, T},42), one has

t
U1(~,t) < e(titO)dlAul('vtO) - Xl/ e(tis)dlAv ! (ul('a S)Wl('a 5)) ds
t
. 0
to
which implies
[ur (- )| Lo @) < Nl B uy (-, o) Lo )

t
+x1 [ (e TINAY - (g (-, )W (-, ) | Loy ds

to
t
+m / e84y ()] o ey s
to
= Iy + Ig+ I for all t € (0, Thnaa). (3.28)

Tt follows from the well-known Neumann heat semigroup (cf. [32, Lemma 2.2],
see also [46, formula (1.8)]) that

C
||€td1AU1(',t)||Loo(Q) S ?Hul(,t)”Ll(Q) fOI' all t e (0, 2) n (07Tma:1:)~
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For ¢t > 1, tg =t — 1 and hence we have along with (3.2)
Is = le™®ui (-t — 1)|| oo () < Cllua (-t — 1)1 ey

< C forallte[l,o0)N(0,Thaz)- (3.29)
Since uyg € WHP(Q) — L%°(2) due to p > 2, it follows from the parabolic
maximum principle that

[5 = ||8td1Au10||Lm(Q) S ||U10||Loo(Q) S C forallte (0, 1) n (07Tmaw)-
(3.30)
For Ig, using (3.27) and the smoothing property of the Neumann heat semi-
group [46, Lemma 1.3 (ii)], we get
t
L <C [ (14 (t—8)"H)e ™ ug (-, 5)wi ()| 1 ds

to
< C forallte (0,Thas), (3.31)
where \; denotes the smallest positive eigenvalue of —A in Q. Now it remains
to estimate the term Ir. Let @ (s) := ﬁ Joui(x,t). Then using ¢t — to < 1,

the smoothing property of the Neumann heat semigroup [46, Lemma 1.3 (i)],
(3.2) and Lemma 3.4 with ¢ = 2, we obtain

t t
I < / 1B (4 (-, ) — T ()] oo sy s + 71 / et N, (6)]| L (e ds
t t,
; o : t
< [+t —s) H)e ™D ug (- 5) — @ (s)| pageyds + C / () s
to to

t 1
<O @+ t=s)2)e M) (lur(, 8)llp2co + a1 (s)l p2oy) + C(t — to)

to

< C forallte (0,Tmaz)- (3.32)
Now the combination of (3.28)—(3.32) yields
[ui(,t)|| Loy < C for all t € (0, Taa)-
Similar arguments applied to us give
lua (-, t)|| ooy < C forall t € (0, Taz)-
The proof is completed. O

We next deduce the uniform-in-time estimates for Vu; and Vug in L?(2).

Lemma 3.7. Suppose that the conditions in Theorem 1.1 hold. Then there exists
a positive constant C' independent of t such that

[IVur(, )l r2(0) + [Vuz( O)|lz2@) < € for allt € (0, Tinaz).  (3.33)
Proof. Multiplying the first equation of (1.4) by —Awu; and integrating the

resulting equation by parts along with the boundary conditions in (1.4), one
has



47 Page 20 of 42 W. Tao, Z.-A. Wang and W. Yang NoDEA

1d

L Gy |2y = — i A 2o + 1 / AV - (urwi)
5 a0 L2(@) L2(9) ;

— / UlEl(Ul,'UQ)Aul (334)
Q

for all t € (0, Tyqz). With the boundary condition Vus - n |so= 0 and (3.26),
we further have

—/ ’LL1E1(U17U2)AU1 = / (71|Vu1|2 — 2U1|V’LL1|2 — c(u1VuQ + UQVul)Vul)
Q Q

< C1([IVurlliz () + IVuzZ2(q))  for all t € (0, Tinax)-
(3.35)

Clearly, for all t € (0, Tpnqz), it holds that

/ Au1V . (U1W1) = / U1(v . Wl)A’LL1 + / (Wl . Vul)Aul =: Ig + Ig.
Q Q Q

(3.36)
Making use of (3.25) and (3.26), for all ¢t € (0, T)q4s), we obtain

d d
Is < TxllHAUleLz(Q) + Z%Hulv : W1||%2(Q) < ﬁHAUlH%z(Q) + Ca. (3.37)

Noticing that V|Vz|? = 2D?2-Vz for 2z € C?(Q2) with D%z = V(Vz), we arrive
at

Ig = —/ (W1 . D2u1 +VW1 . Vul) 'V’U,l
Q
= —/ Wi - (Vul . D2u1) —/ (VWl . Vul) . Vul
Q Q

1
:—7/w1-V|Vu1|2—/ (Vw1 - Vuy) - Vg
2 Ja Q

1

:*/(V'W1)|VU1|2—/ (VW1~V’U,1)~VU1
2 Q Q

3
< §||VW1HL2(Q)”VU1||%4(Q)
< C3||Vun[|7a(qy  for all ¢ € (0, Taz), (3.38)
where Holder’s inequality and Lemma 3.5 have been used. Applying Lemma 2.4
(withg =4, 7 =n=2and § = 3) to | Vuy||14(n) and using (3.26), (3.38) and
Young’s inequality, for all ¢t € (0, T}4), we have
3 3 2 d 2
Ig < C4(HA’LL1HL2 ||’LL1||L2(Q) + Hu1 ||L2(Q)) < &”Auq HLZ(Q) + Cs. (339)
The substitution of (3.37) and (3.39) into (3.36) yields

d
X1 / Aup V - (ulwl) < ?1||AU1||%2(Q) + (02 + 05))(1 for all t € (OaTmam)-
Q
(3.40)
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Using (3 26), (3.34), (3.35) and (3.40), for all ¢ € (0, Tjnas), one can see that

1
2dﬁIIV iz + 5 18w 72 0) < CollVunlliz (o) + IVuslliz i) + 1).
(3.41)

Similar procedures applied to us yield that

1d ds

5 eIV iy + ZNAu ) < CrllVun ey + [ VualFae + 1)
for all ¢ € (0, Thnas). This along with (3.41) shows that

1d dy do

575 (IVutlla) + 1 VuslZagq) ) + SlAutllfaq) + SllAus|F)

< Cy (vaniz(m + [ Vuzll7zig) + 1) for all t € (0, Tynas).  (3.42)

Applying Lemma 2.4 (with ¢ = 7 =n = 2 and 0 = ) to ||[Vu;||r2(q) for
i = 1,2 and using (3.26) and Young’s inequality, for all ¢t € (0,Tnaz), We
obtain

(Co+ 3 ) IVl < CalliduslE el gy + sl

&

Z|\Auz||L2(Q) + Cho.

This together with (3.42) shows that

1d 1

5 dt(Hvul”LZ(Q + ||VU2||L2(Q )+ §(||VU1H%2(Q) + ||VU2H%2(Q))

1 P
+ ZHAU’l”zL?(Q) + Z||AU2H2L2(Q)
< (Cq; forallte (Omiam)- (343)
Applying Gronwall’s inequality to (3.43) leads to
||VU1H%2(Q) + HVU2||2L2(Q) < Ciz forall t € (0, Tinas),

which proves (3.33). O

With (3.33), we can use Lemma 2.2 to derive the uniform-in-time esti-
mates of w; and wy in H%(Q) (Lemma 3.8), which along with the LP-L4-
estimates of the Neumann heat semigroup enables us to further obtain the
boundedness of Vu; and Vusq as stated in Lemma 3.9.

Lemma 3.8. Suppose that the conditions in Theorem 1.1 hold. Then there exists
a positive constant C independent of t such that

||W1||H2(Q) —+ ||w2||H2(Q) < C fO’f‘ allt € (OaTmax)' (344)
Proof. From Lemma 2.2 and (3.33), (3.44) follows immediately. O

Lemma 3.9. Suppose that the conditions in Theorem 1.1 hold. Then there exists
a positive constant C independent of t such that

HU](',t)”Wl,p(Q) + ||u2('7t)||W1,p(Q) <C forallte (O,TmaI). (3.45)
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Proof. Applying the variation-of-constants formula, one has

t
wr (1) = 3 Duyg + / = AD o0y iy wr) (-, 5)ds,
0

where
o(ur,ug, wi) = =V - (xqu1w1) +u1 (71 + di — uy — cuz).

It follows from (3.26), (3.33), (3.44) and the Sobolev embedding H?(Q) —
L>(Q) that

| =V (xurwi)l2) < C (IVuall2) + VW1 2(0))
< C forallte (0,Thaz),
which along with (3.26) shows that
||50(U1,U2,W1)||L2(Q) S C forallte (Ovaar)~

Now using the smoothing property of the Neumann heat semigroup [46, Lemma
1.3 (ii)] again, we obtain

IVui (5 8)l| o) < Cllurollwrr o

+ C/Ot (1 + (t— s)%_l) e M (t=9)

X [|p(ur, uz, wi)(-, 8)|| 2 ()ds
<C forallte (0, Tha)- (3.46)

In a similar manner, we have
[Vuz(- D)1y < € forall t € (0, Tinaz),
which along with (3.26) and (3.46) completes the proof. O

Proof of Theorem 1.1. Tpes = 00 is a direct consequence (2.15) and (3.45).
By (3.45) and Lemma 2.2, one can obtain (1.7) directly. O

4. Global Stability

In this section, we shall investigate the asymptotic behavior of solutions to the
system (1.4) and prove Theorem 1.2 by the Lyapunov functional method along-
side compactness arguments. To begin with, we derive the following higher-
order estimates of solutions when time ¢ is away from 0.

Lemma 4.1. Suppose that the conditions in Theorem 1.1 hold. Then for any
0 € (0,1), there exists a positive constant C(0) such that

2

3 (10l s gy + W5l ronst () < €O (41

i=1
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Proof. Tt follows from (1.7) that
||u1(',t)||W1,p(Q) + ”u?('vt)HleP(Q) < (C forallt>0.

Taking to = § as the initial time, then uy(-, o), uz2(-,t0) € WP(€2). Using a

similar argument as in the proof of Lemma 3.9, for any ¢ € (1,00), one can
find a positive constant C(q) such that

lui (-, t)lwrag) + lua(- t)[lwra) < Clg) for all t > to. (4.2)
Then using Lemma 2.2 and (4.2) one has
||W1(-,t)||W2,q(Q) + ||W2(-,t)||W2,q(Q) < C(q) for all t > tg. (4.3)

For any 6 € (0,1), using (4.3) and the Sobolev embedding W?" () — chi-3
(Q) — CH(Q) for r > 25, we can find some ry > 125 and C(f) > 0 such
that
w1 D)l ere) + w2l )l cre o
< Clwi (s t)llzragey + [WalDllwaraiy < CO)  (44)
for all t > ty. From (1.4), we know that u; satisfies
Opuy — diAug + x1wy - Vug + Q1(x, t)u; =0, x € Q, t > to,

G =0, eIt >ty  (4.5)
ur(x,t) == ur(x, to), r €,

where Q1(z,t) = x1V - wy — E1(uy,ug) for (z,t) € Q x (tg,00). Using (4.2)
and (4.4), one has

||X1W1||L°°(Q><[j+i,j+2]) + ||Q1HL°°(Q><[j+i,j+2:|) <C foralj>0. (4.6)

In view of (4.2) and (4.6), one can apply the interior L” estimate [28, Theorems
7.22 and 7.35] to (4.5) to obtain

sl (x4 3.42]) < Cla) for all j >0,

where W2 (Q x [t1,t2]) := {u | Du, D?u,u; € L7 (2 X [t1,15])} for 5 > t; >
0. By taking ¢ appropriately large and using the Sobolev embedding theorem
we have

Hulucue,%‘*(Qx[j+%7j+2]) <C(0) forallj>0. (4.7)
Similarly, it follows that

Huﬂlc“"'#(Qx[j+%7j+z]) <C(#) forallj=0. (4.8)
Using (4.4), (4.7) and (4.8), we obtain that the solution (w1, wa) of the elliptic
system (2.16) satisfies

<C(0) forall j > 0.

”wl”Cl*e’lerJ(Qx[j+%,j+2]) + ”W2”C1+9=i20(Qx[j+%,j+2])*
(4.9)

Clearly, it follows from (4.7)—(4.9) that

) + |Q1]| < C(0) forall j>0.

||X1W1”ce’§(s‘zx[j+%,j+2 C* 3 (Qx[i+ig+2]) =
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An application of the Schauder estimate to (4.5) shows that

”ul“02+9’1+%(Qx[j+1,j+2]) <C(0) forallj>0. (4.10)

Similarly, we have

||u2HCZ+0‘1+g(Qx[j+1,j+2]) <C(0) forallj>0. (4.11)

In view of (4.10) and (4.11), we can apply Lemma 2.2 to (2.16) to obtain
HWlHCHQ‘”g(QX[j+1,j+2]) + HW2HC”6’1+%(Qx[j+1,j+2]) < C(0) forall j>0.
(4.12)

Noting that the constant C(6) is independent of j > 0, we get (4.1) directly
from (4.10)-(4.12). O
4.1. Weak competition: ¢ < :’T: < %
To proceed, we define the positive constants
K1 — KT 1—be K2
= d = —7(1- — f( 4.13

" e T k) =5 (1=m0) w flb.e))  (4.13)

under the condition (1.14).

Lemma 4.2. Let ng and n be defined by (4.13). If be € (0,1) and (1.14) holds,
then the positive constants

*

K 1 K
I := o (b,e) + (1 — @> 2 and Iy = 3 min {FQ* + —:n,Fg* + F;}
Uy

2 2/ u3
satisfy
K K
b 4n<Ta<—n, ¢1([2)>0 and T) < —2, (4.14)
Uy Uy
where
2(@1 - \/a%—&—agcQ) 2(a1+«/a%+a202>
FQ* = 5 , F; = 5 5
c c
and
2
P1(s) == 7252 +ai1s+ay  fors >0,
with

b
ap = (1—26)1“1—7]8—1 and

1
Qg 1= —szl“% — (b2 + 17) Iy + b2 (627] + 1) +c2n? 4.

Proof. This proof is straightforward and tedious, and we give the detailed
proof in Appendix B. O

Now we are in a position to derive the following result.
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Lemma 4.3. Let (u1,us, w1, wso) be the global classical solution of (1.4) ob-
tained in Theorem 1.1. Assume c < % < 1 and let (u},u3) be defined in (1.8).
If (1.13) or (1.14) holds, then there exist positive constants T'y and T's such
that the energy functional

E1(t) ::I‘g/ (ul —uj —ujln ui)
Q Uy

—|—F1/<u2—u§—u§1nui> forallt >0
Q Uy

satisfies
Ei(t) >0 forallt>0, (4.15)

and
d
%81 (t) < —01_7'.1 (t) fOT allt >0 (416)

for a positive constant 81, where
Fi(t) == / (uy — ub)? +/ (uy —u3)®  for all t > 0. (4.17)
Q Q

Proof. By the symmetry of the equations satisfied by w; and ug in (1.4), we
only need to prove the conclusion under the condition (1.14). In the rest of
this proof, we let the positive constants I'y and I'; be given by Lemma 4.2.

We first prove (4.15). Define the function ¢(s) := s — uj — uj In 2% for
s > 0, then ¢'(s) = 1 — u?l with ¢/(uf) = 0 and ¢"'(s) = ui > 0. Hence we
have ¥(s) > 1 (uf) = 0 for s > 0, which 1mphes up —uj —uj ln =+ > 0. Similar
arguments for uy yield ug —u3 — ujIn 72 > 0. Therefore, (4. 15) is proved. It
remains to prove (4.16). To this end, we multlply the first equation in (1.4)
by 1 — %, integrate the resulting equation by parts along with the boundary
conditions in (1.4) and use 1 — u} — cu = 0 to get

d * * Ui
— up —u; —ulln—
dt Q( P Py

:/ﬂ< “1>(d1Au1 V- (xauawi) + ui By (ug, ug))

U

|VU1|2 Vu1
= —dl Uy 3 1U1 W1
Q Uy U1

—i—/(ul—u’{)( up — cug + uj + cuy)

/ |V’LL1|2 / Vul
—diu Uy 1U1 Wi -

- [ —U‘{)Q —c [ (= ui) (2 =) (4.15)
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for all ¢ > 0. Similarly, it holds that

2
4 (uz—uz—u21n )Z—dg 2/' ua| + 2U2/W2 Vuz
at Jo
—/um—@f—b/au—ﬁww—ua
Q Q

(4.19)
for all ¢ > 0. As deriving (3.7), by Young’s inequality we can obtain
e VwilZao) + IwilZzo)
= / V (u1 — uj + c(ug — ud)) - wy :/Q(ul —uj + clug —u3)) V- wy
< allVwnlita + g (o~ uillae + Alluz - w3l
which implies

1 * *
[willfa@) < g (= willGaoy + € llue = w3 [3a(e)) - for all >0,
(4.20)

Similarly, we can obtain

1 * *
[wall720) < — <b2||u1 — i 20y + lug — Uz”%?(sz)) for all ¢ > 0.

462
(4.21)
For 7 given by (4.13), the combination of (4.18)—(4.21) shows that
d Vuy |? Vg |?
%51() —diTsu 1/ | 1| —doI'u / | 2| Fz/(m—ul)
Vu
*F1/( 27“2) JFX1F2U1/W1 7+X2F1u2/wz r72
Q
— (CFQ + bFl) / (u1 — UT) (UQ — U;)
Q
Vuy 2 Vus|?
S—dlrzu;‘/| “;' —d2F1u§/| “;'
Q U Q U3

— des||Wall72(q) — 4nerllwillZz (o
- (FQ Sy fn)/(ul fu*{)z - (F1 -1 77702) /(UQ fuz)Q
Q

Q
Vu
+X1F2U1/W1 7+X2F1U2 W2 u2
Uy 2

—@D+WQLW—@Mw—@)

—/ X1A1X1T—/Y131Y1T for all ¢ > 0, (4.22)
Q Q
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where X1 = (u1 —uf,us —u3), Y1 := (%7%7W1,W2) and A, By are
matrices denoted by
Iy — b2 — n cla4bINy
A1 = 2
: Ty+bT 2
oty r—1-—nc*)’
o
dlfgu’{ 0 —xiat 22u1 0
—
Bl L 0 dgFﬂL; 0 _X2721u2
= _—
_% 0 4neq 0
I
0 _% 0 dey

We next prove that the matrices A; and By are both positive definite.
Denoting the determinant of a general square matrix X by |X| and denote the

upper left k-by-k (k = 1,2,3) corner of By by ng), then by (4.14) we have
IBY| = diTyuj > 0, |B?)| = dydoTaTyujus > 0,

T —xlau
1B =0 dyTyuy 0
_7)(11“221“ 0 4’1761

1 K
- ZdQFQn (x1ub)? ub ( ujn - r2> >0,

and

1 2 (K K>
Bi| = =I'5T Tud -I — =TI ) >0.
| B TR 1 (X1xeujus) (Uikn 2) <U§ 1
Sylvester’s criterion thus entails that the matrix B; is positive definite. For
the matrix A, we know from (4.14) that I'y — b*> — 5 > 0 and

_p2 cl'o+bl'y
FQ b n )

|Ay| = ’ cl"g—gbf‘l | =1 (T3) > 0,

where the function 1 is defined in Lemma 4.2. Again, it follows from Sylvester’s
criterion that the matrix A; is positive definite. Therefore, we can find a pos-
itive constant 6; such that

XA XE >0, and V1B Y > 6,Y;> forall t > 0. (4.23)
The combination of (4.17), (4.22) and (4.23) proves (4.16). O

With Lemmas 2.5, 4.1 and 4.3, we can use a similar argument as in the
proof of [42, Lemma 3.4] to prove the following result.

Lemma 4.4. Under the conditions of Lemma 4.3, for any 0 € (0,1), it holds
that

lur—uil[czro()+llue—usll 2o @) +HIWillozro @) HIWall o240 q) — 0 as t — oo.

Proof. Let & (t), F1(t) be given in Lemma 4.3. Clearly, & (¢) is bounded from
below according to (4.15). Thanks to Lemma 4.1, it can be seen that Fi(t) €
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C?2%([1,00)) and [F1llcerz(i,00)) < K in [1,00) for some k > 0. In view of
(4.16), we can apply Lemma 2.5 to deduce lim;_,o, F1(t) = 0. That is

Jim (lfun = il + fluz = w3l,) = 0.

Take 0 < 6 < # < 1. According to Theorem 2.1, in the space C2+¢’ (Q),
ui(-,t) and wuz(-,t) are bounded for ¢ > 1. Using the compact arguments and
the uniqueness of limits (cf. [42, (3.12)], see also [20, Remark 6.2]) we can show
that

||U1 — UT||C2+6(Q) + ||u2 — u;||c2+s(()) — 0 ast — oo. (424)
Using (4.20), (4.21) and (4.24), one has
||W1||W1v2(Q) + HWQHW12(Q) — 0 ast— oo.
This together with (4.1), the compact arguments and the uniqueness of limits

shows that
||W1||cl+9((2) + ||W2||(;1+9(Q) — 00 ast— o0,

which along with (4.24) completes the proof. O
We are now in a position to investigate the convergence rate.

Lemma 4.5. Under the conditions of Lemma 4.3. There exist two constants
o >0 and C > 0 independent of t such that
2
S (i 1) = e oy + IWillreey ) < Ce™ (425
i=1

holds for all t > Ty with some Ty > 1, where ui and u} are given by (1.8).

Proof. With Lemmas 4.3 and 4.4, one can use a similar argument as in the
proof of [44, Lemma 3.7] (where the L>°(2) decay rate are obtained) to obtain
that there exist positive constants o7 and Ty such that

s, 8) = 0 )+ 102 8) = 06 ey < Cre™ " forall ¢> T,
(4.26)

For the convenience of readers, we shall sketch the proof of (4.26). In view of
Lemma 4.4, we can apply L’Hopital’s rule to derive that

* * u; ur

u; —ul —ulln )
T g A o Lo
1m* 2 = 1m*2 = 11’11*2 —2*’ 1= 1,2,

which by the continuity yields a constant 7, > 1 such that
4uf/ﬁ(uzuzf S/Q<uiui —u] hluf) < @/Q(uiui)27 1=1,2
(4.27)

for all ¢ > Tp. Then, it follows from the definition of & (¢) and F;(t) that
51 (t) S 02.7:1 (t) for all ¢ Z To,
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which together with (4.16) implies
igl(t) + ﬁ<€'1(t) <0 forallt>Tj.
dt Cy - -
Solving the above inequality, we obtain

E1(t) < E(To)e™ ' forall t > Tp. (4.28)

By the definition of &£ (t) and F; (¢) and (4.27), one can find a constant C3 > 0
such that

.7:1 (t) S 0351 (t) for all ¢ Z To,
which along with (4.28) shows that
6
Jur (1) = uillp2iq) + llua(-t) — U;”Iﬁ(m < Che 2t forall t > To. (4.29)
The combination of (4.1), (4.29) and the Gagliardo—Nirenberg inequality

4 1 .
s = ey < Cs (Dl s = o+ s = ) for i = 1,2

(4.30)
yields (4.26) by choosing C; large enough and taking o1 = 1352.
In view of (4.20) and (4.21), it follows from (4.26) immediately that
Wil 2 + [[Wall12q) < Cee™ 7" for all t > Ty. (4.31)

With (4.1) and (4.31), we can use a similar argument as deriving (4.30) to
show that

[Willwree @) + W2l @) < Cre™ 72" for all t > Ty, (4.32)
where oy = %, Therefore, (4.25) is a direct consequence of (4.26) and (4.32)
by taking C appropriately large and o = o5. The proof is completed. O
4.2. Competitive exclusion: 3—: < min{%,c}
As the results stated for the weak competition case in the above subsection,

we have the following conclusions.

Lemma 4.6. Let (uy,us, w1, ws) be the global classical solution of (1.4) ob-
tained in Theorem 1.1. Assume 1 < min{3,c} and (1.15) holds. Define two
constants

1 /K. I's (292 = b — 272

T3:= = (2 +f (b,”)) and Ty := 5 (273 72”2) 2 (4.33)
2 Y2 Y2 Y1

where the function f is given by (1.9). Then

K
22Ty f (b, 71) >1 and Ty4>b% (4.34)
2 72

Moreover, the energy functional

E(t) = I‘4/ uy + F3/ (u2 — 7 — 72 In uz) for allt >0 (4.35)
Q Q 2
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satisfies Eo(t) > 0 for all t > 0, and

%gg(t) < —Hgfg(t) fOT‘ allt >0 (436)
for a positive constant 05, where
= / u? +/ (ug —2)*>  for allt > 0. (4.37)
Q Q

Proof. First of all, by a similar argument as proving (4.15), we can obtain
Es(t) > 0 for all ¢ > 0. We then prove (4.34). Using v2 — by; > 0 and (1.15),
we obtain the first inequality in (4.34) directly, moreover, we have

1 .
ry,—b*= 292 (72 —b7) (272 — by1) (2 — by1) Ko + 6293 + 3by173 — 243 |
1

1
> 5 oy L2 =) (08 + 69) + B+ 8 - 293
1
_ e +bn)
7 (y2 — b71)

which proves the second inequality in (4.34).
It remains to prove (4.36). Integrating the ﬁrst two equations of (1.4) by
parts with Vu; - n |sgo= w1 - n [go= 0 and usmg > < we have

d
u1 u1 (y1 — w1 — cug)

dt
< / uy <’Y1 — U — %Uz)
Q Y2
= —/ uj — n uy(ug — y2) for all ¢ > 0. (4.38)
Q Q

72
As deriving (4.19), for all ¢ > 0, we have

i/ Uy — Yo — lnE
dt o, 2 =72 72 +
—dﬂz/ [V +X272/W2 /(Uz Y2)? —b/u1 (ug —2) .
Q

(4.39)
It follows from (4.21), (4.35), (4.38), (4.39) and Young’s inequality that

d
d*gg(t) S - (F4 - b2) / u% - (F3 - 1) / (UQ - ’)/2)2 - <%F4 + ng)
l Q Q V2
\V4 2
X / uy (ug —y2) — d2’72F3/ | u;‘
Q 0 Uz

VUQ
+ Xﬂzrs/ Wy —— —des||wa 72
Q U2

>0,

- / XoAsXT — / Y2 BoYy  for all t > 0, (4.40)
Q Q
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where Xo = (uy,us —v2), Yo = (Vu’;? ,w2> and As, By are matrices denoted
by
S RS Y
12 72 _ x272l's
EZRE LU V| - dey
Using 2 — by1 > 0, (1.15), (4.33) and (4.34), we obtain I'y — b > 0 and
(72 = by1) Kz + 0297 + 207172 — 3] [(2 — by1) K2 — (73 + b*91) ]

A pr—
142 4yiy2(v2 — bn)
(2 = b)) Kz + 0292 + 267172 — 43) <K2 _ (b 71))
vt 72 "2
b(b K
> b(by1 +72) <2 —f (b, 71)) > 0. (4.41)
21 V2 V2
Moreover, it is obvious that doy2I's > 0, and by (4.34) we have
r * (K.
1By = La02xa)” (2 - 1“3) > 0. (4.42)
4 ’)/2

In view of Sylvester’s criterion, it follows from (4.41) and (4.42) that the matri-
ces As and By are positive definite, and hence we can find a positive constant
05 such that

XQAQXQT > 92|X2|2 and )/QBQ)/QT > 92|Y2|2 for all t > 0,

which along with Xo = (u1,us —2), (4.37) and (4.40) proves (4.36). The
proof is completed. O

Lemma 4.7. Under the conditions of Lemma 4.6, there exists a constant Ty > 0
such that
2

et (s Ollyrr. ey + 2 8) = Y2l gy + D Wil ) <
i=1

C
1+1

for all t > Ty, where C' is a positive constant independent of t.

Proof. First, by a similar argument as in the proof of Lemma 4.4, one can
obtain

[ullczro(q) + [luz — y2llcero@) + [IWillarro @) + [[Wallcrro@) — 0 as t — oc.

Recalling the definitions of & (t) and Fa(t), and using (4.27) and Holder’s
inequality, we can find some 7T} > 0 such that

&(t) < Gy (/Q uy +/Q(u2 —“/2)2>
() (o))

1
< C3FF(t) forall t > Ty,
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which together with (4.36) gives that
a
dt

Solving the above ordinary differential inequality, we arrive at

E(t) + %522(15) <0 forallt>T.
3

C
Et) < 1—:7& for all t > T7.

The rest of the proof can follow similar arguments as in the proof of Lemma 4.5
and we omit it for brevity. O

Proof of Theorem 1.2.. The assertions in (i) and (ii) of Theorem 1.2 result
from Lemma 4.5 and Lemma 4.7, respectively. The assertions in (iii) are es-
sentially similar to those in (ii) and can be proved by simply swapping w1, b, v1
with ug, ¢, va, respectively, in the proof of (ii). O
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Appendix A

In this section, we consider the regularity of the vector field w satisfying:

—Aw+w="f in Q,
w-n=0, d,w xn=0 on 0f,

(A1)

where Q C R™, n € {2, 3}, is a bounded domain with a smooth boundary and
f e (LP(Q2))" for some 1 < p < co. Then the following regularity result holds.

Lemma Al. If f € (L?(Q))", then the problem (Al) has a unique solution
w € (H%(Q))™ and there is a positive constant C(Q) depending only on Q such
that

Wl z20) < C ]l 22(0)-

Proof. The existence and uniqueness of the solution w € (H2(Q))" to (A1) is
stated in Lemma 2.2. Next we prove the regularity. We only give the details
for n = 3, and the proof for n = 2 is similar and simpler. We divide the proof
into two steps.

Step 1. We prove the following estimate for a positive constant C,

Wz @) < Clifllz2)- (A2)

Multiplying the i-th component (i = 1,2,3) of the first equation in (A1) by
w; and integrating the resulting equation by parts, we get

/|Vwi|2dx+/ |wi|2dx7/ wi.anwidx:/f,;widx,
Q Q o0 Q

which gives

/\Vw|2dx—|—/ |w|dz — W~8nwdx:/w-fdx.
Q Q o0 Q

Noticing the boundary condition implies
wW-Oh,w =0 on 01,
we get (A2) by the Cauchy-Schwarz inequality: [, w - fdz < %”WH?P(Q) +
U122 -
Step 2. Suppose {n, 11, T2} constitutes the Frenet coordinate associated
with the boundary 0f2. By assuming the domain is sufficiently smooth, we can
extend {n, 7,7} to a C> function defined in ) such that their C? norms

are uniformly bounded and any two of them are orthogonal to each other, still
denoted by {n, T, m}.
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Now we shall estimate the H2-norm of w-n, w -7, and w - 7» in the
following. We start with w - n which satisfies

3
A(W~n):Aw~n+W'An+2ZVwi~Vn,;.

i=1
Therefore, we have from (A1) that

3
—Aw-n)=f—-w) - n—w-An—2) Vw;-Vn; in Q,
)= ) b -

w-n=>0 on 0f).

We denote the right hand side of the first equation in (A3) by f,. Using the
classical elliptic regularity estimate, along with the boundary condition and
the conclusion in Step 1, we get

1w -0l g2 () < COIE L2 () < COQ)E]| 22 (0)- (Ad)
Concerning w - 7, we have
3
“Aw-m)=f-w) -7 —w-A1 —25 Vw;-V7; inQ,
i=1 (A5)
On(W-71) =w:0n11 on 01,
where the boundary condition holds since
On(W-T1) =0gW - -T1 +W-0nT1 =W - 0OpT1.
By the trace theorem and the conclusion in Step 1, we have

[On (W - 71) y = W oamill gy o0 < CEOQIWlm@) < CEO)IElL2 )

I3 (99 500

On the other hand, by denoting the right hand side in the first equation of
(A5) by f5, it is easy to see that [|fa]|z2(q) < C(Q)[|f]|L2(q). By the results of
[17, Section 2.3], we have

Iw - il a2y < CO) (Ifollzz) + 19a(W 70,3 0 ) < COIEN2)-

(A6)
Similarly, we have
W - 2|l 2 2) < CE]L2(0)- (A7)
Collecting (A4), (A6) and (A7), we arrive at
[Wllz20) < CQ)f]l22(0)-
Hence the proof is completed. O

Lemma A2. If f € (H2(Q))n, then the system (A1) has a unique solution
w € (H*(Q))™ and there is a positive constant C(Q) depending only on Q such
that

Wil @) < CQNflar@) and [|Wllge) < CEO)[f]la2@)-



NoDEA Global dynamics of a two-species clustering model Page 35 of 42 47

Proof. We consider the regularity of solutions to (Al) for n = 3 only, and the
case for n = 2 can be proved similarly. Defining the Frenet coordinate system
{n, T, ™} and taking differentiation of (A1) with respect to xy, k € {1,2, 3},
we have

—Aw,, +w,, =15, in €,

‘N=—W- Dy, on 04, (A8)

OnWz, XN+ 0OnW X 1ng, =0 on .

W,

Next, we estimate the functions w,, - n, w,, - 7 and w,, - 7. By direct
computations, we get

3
—A(wg, -n)= (£, —wg,) n—w,, -An—2> V(0,,w;) Vn; inQ,
i=1
Wy, N =—W- N, on Jf).
) (A9)
Denote the right hand side of (A9) by f3. Using Lemma Al, we see that
I3l 22 () < CONE a1 (-

By the classical elliptic regularity, we have

W, 020y < @) (sl + 1w 20y ) < CO)El o,

(A10)
Concerning w,, - 71, we have
_A(wiﬂk ' Tl) = (fwk - W:Dk) T — Wy A7-1
3
-2 Z V(@wkw,) . VTU in Q, (All)
i=1

On(Wy), - T1) = OnWy, - T1 + Wy, - OnT1 on Of).

Denoting the right hand side in the first equation of (A11) by f1, we can use
Lemma Al to get that

||?4||L2(Q) < C)|fll (o) (A12)
From the last two equations in (A8), we notice that on 912,
OnWg, X N = —0pW X I, . (A13)
From (A13) we get
OnWg, - T1 = OpW X Dy, X N-TY. (A14)

As a consequence of (A14), we have
On(Wy,, - T1) = OnW X Dy, X0+ T) + Wy, - OnTi.
Then it is easy to see that
< C(D)][0nW X Dgy X 1 T1 + Wy, - OnTill g1 ()
< Cwllmz0)- (A15)
With (A12) and (A15), the results of [17, Section 2.3] entail that

) < COIlan 0.

190 (Wr T4

[Wai 71l 2 (0) < C(Q) (||f4||L2(Q) H10a(war - Tl 4 50,



47 Page 36 of 42 W. Tao, Z.-A. Wang and W. Yang NoDEA

Similarly, we have
[Wa, - T2l 2() < CQ)E] 1 (0)-
Combining the above two estimates with (A10), we get
Wl 3 () < CQIE] (0 (A16)
Now we derive the higher regularity based on the assumption that f €
H?(Q). Differentiating (A1) with respect to x; and zy, j, k € {1,2,3}, we have
7Awmjxk + Wziz, = fzjxk in Q,

Woiz, M= —W Ny — Wy, Ny — Wy - Ny on 0,

J

OnWa g, X N+ OnWy, X Ny + OnWyy X Dy, + OpW XNy p, =0 on 0.

(A17)

Next, we estimates the terms wy ., - n, Wy, - 71 and wy 4, - T2. Direct
computations give us that

—A(Wa0, 1) = (fo,0, — Wa,z,) D — Wy p, - An

3
-2 Z V(G%Isz) . an in Q, (A18)
i=1
Wy, M= —W- Ny g — Wy, Ny — Wy - Ny on 0f).

Denote the right hand side of the first and second equations of (A18) by fs
and fg, respectively. Using (A16), we see that

1851 22(0) < COIEll 12625
and
Ifs]lr20) < CEO)Wll13(0) < COQ)E] 11 (0)-
By the classical elliptic regularity, we have
[Wajzy, - 0| 2(0) < C(Q) (Ilf"sllm(n) + IIfﬁllHa(Q)) < CO)|fllm2()-  (A19)

Concerning wy , - 71, we find it satisfies

_A(Wlek . Tl) - (fLJ.Lk - WlJ‘Lk) T — le‘Lk . A"-1

3
=23 V(0,0 wi) - VT in Q,
1=1
(9n(szgck . T1) = anwszk T+ Wz OnT1 on O9.

Denoting the right hand side in the first equation of (A1ll) by f; and using
(A15), we get

€711 £2(0) < C(Q)IE]l 1r2(02)-
From the last equation in (A17), we have

OnWg 2, X N = —0n Wy, X Ny, —OnWg X Ny, —OnW X Ny, on 08,
which yields

anwmja:k *T1 = (8nwzj X Mgy + anwmk X nzj + anVV X nzj:vk) Xn-71p on oL
(A20)



NoDEA Global dynamics of a two-species clustering model Page 37 of 42 47

As a consequence of (A20), we have
On(Wa,z;, - T1) =(OnWa; X gy 4 OnWyy X Ny, +OnW X Ny, ) X D= Ty
+ Wy 2, - OnT1 on 90 (A21)
Then it is easy to see that
100 (e 73
< C(Q))(OaWa,; X Ngy, + OnWe, X Ny, + OnW X Ny e, ) X 0= T 510
+ C(Q)waﬂk OnTi HHl(Q)
< CO)Iwllms )
(A22)
With (A21) and (A22), we use the results of [17, Section 2.3] again and get
that

IWe o il i) < C) (1Bl z2@) + 190 (Wayon 713 )
< C(Q)|fl rr2(0)-
Similar procedures give
”W:vja:k 'TQHH?(Q) < C<Q)||f||H2(Q)~
Combining the above two estimates with (A19), we get
Wz < CO|f] m2(0)
which along with (A16) completes the proof. O

Appendix B
In this section, we give the proof of Lemma 4.2.

Proof of Lemma 4.2. 1t follows from n > 0,
1+0%c 2+ 0% 2¢2 3c? 2
b,c) = > >1 d —>
F(bsc) 1—bc 2 —bc R P
that G :=nof(b,c) + (1 —no) % < 532 satisfies
2c? 2+ b2c? 3c?
= f(b 1+ . B1
B=fle)+ >G5t g > 1+ (B1)
Moreover, it holds that
1o m\ K2 1 Ko Ko
D=0+ (1) 2 L Y e
=R+ (1-5) =5 (45 € (0 .
Thus the inequality satisfied by I'; in (4.14) is proved. We next prove the
inequalities satisfied by I's in (4.14). By (B1) and (B2), we have

of +azc® = (I = ne® = 1) (D1 (1 = be) = (e + 2% + 1))
= (I‘l . 1) (I =bc)(I'y —B)
> (8 —=nc* =1) (1 =be) (T1 = )
> 0. (B3)
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Using (1.11), (1.14) and (4.13), we obtain

2K1
a1 —
C K1
— | -1
( 3 ( m)
be\ Ko 1-—0b K K,
- — b 1 -1
<(1-3)3 - Sraem (G ) (1+55)
1—bc [2(2— bc duiud
= )k 1—mno) (Ky — f(b,c)us) (2u} + K;) — ——2
e {2 et — (1= ) (02— 70 0) (20 + K - 102
1—bc *
= i { ( -1+ bc)ug) — (K2 — f(b,c)us) K1}
( —be )770 * . * o *
v {201 Ky — 2uju; f(b, ¢) + (K2 — f(b,c)us) K1}
Uju
1- b * * *
~ o (K = £00.0)63) (= ) = o (2 + K)
1U
- I*b‘:(K Flb.cyu) (K — K5) < 0 (B4)
= 8wt 2 ) C)Uo 1 1 :
Clearly,
FQ* < F;v (B5)
and by (B3) and (B4) we get
K Kl 2 (O[l — 4/ OL% + 04262>
2 K,y
( oo (- 220)
\/ 2+ agc?
(B6)
We deduce from (B5) and (B6) that
K
Iy, < Ty < min {ujn,r;} . (B7)
1
Since T'y, and T'5 are two zeros of ¥;1(s) = —% 52 4+ a5+ ay for s > 0, by

(B7) we have 91 (I's) > 0. It remains to prove I'y > b? + 7. Indeed, we have
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2 (Oél — \/OL% + OLQCQ>

Ty, — (b° +1) = 2 —(0* +n)
1
== (2= be)Ty — (2+b°¢® + 3¢°n) — 24/ 02 + aac?
N —
=:J1 =:Js

(B3)
By (B1) and (B2) we know that
Ji > (2=bc)B— (2+b*c* +3¢°n) >0 and
JE—JE = (Ve+ b0y +en)’ >0,

which along with (B7) and (B8) shows that I'y > I's, > b? + 7, and hence the
proof is completed. O
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