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Optimized Multi-Agent Formation Control Based on
an Identifier—Actor—Critic Reinforcement
Learning Algorithm

Guoxing Wen ~, C. L. Philip Chen

Abstract—The paper proposes an optimized leader—follower for-
mation control for the multi-agent systems with unknown nonlin-
ear dynamics. Usually, optimal control is designed based on the
solution of the Hamilton—Jacobi-Bellman equation, but it is very
difficult to solve the equation because of the unknown dynamic
and inherent nonlinearity. Specifically, to multi-agent systems, it
will become more complicated owing to the state coupling prob-
lem in control design. In order to achieve the optimized control,
the reinforcement learning algorithm of the identifier-actor—critic
architecture is implemented based on fuzzy logic system (FLS) ap-
proximators. The identifier is designed for estimating the unknown
multi-agent dynamics; the actor and critic FLSs are constructed
for executing control behavior and evaluating control performance,
respectively. According to Lyapunov stability theory, it is proven
that the desired optimizing performance can be arrived. Finally,
a simulation example is carried out to further demonstrate the
effectiveness of the proposed control approach.

Index Terms—Fuzzy logic systems (FLSs), identifier-actor—critic
architecture, multi-agent formation, optimized formation control,
reinforcement learning (RL).
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1. INTRODUCTION

N THE multi-agent cooperation community, formation con-
Itrol is one of the most interesting and attractive research
topics because of its broad applications, such as cooperative con-
trol of unmanned aerial vehicles, satellite clusters, autonomous
underwater vehicles, and mobile sensor networks. In brief, for-
mation control is to design the appropriate protocol or algorithm
such that the multi-agent system arrives and maintains a prede-
fined geometrical shape, for example, a chain or wedge. In the
recent decades, formation control has been well developed, and
several published results receive the considerable and increasing
attention, such as leader—follower [1], behavior [2], virtual struc-
ture [3], and potential function based approaches [4], where the
leader—follower approach is the most popular one due to its sim-
plicity and scalability. The basic idea is that a leader is designed
as areference for the agent group, and all agents as followers are
controlled to maintain the desired separation and relative bear-
ing with the leader. The main advantage is that group behavior
is specified by a single quantity (the leader’s motion).

Ever since optimal control, which means that cost function is
minimized, was formally developed about five decades ago by
Bellman [5] and Pontryagin [6], optimization became a funda-
mental design idea and principle in modern control theory. In
recent years, the optimal problem has been addressed in forma-
tion control of multi-agent systems, and several approaches have
been published [7]-[9]. In [7], the finite-time optimal formation
problem of multi-agent systems on the Lie group SE(3) is in-
vestigated. In [8], the finite time optimal formation is applied to
multivehicle systems. In [9], the centralized optimal multi-agent
coordination problem under tree formation constraints is stud-
ied. These published optimal formation methods are achieved
based on the solution of the Hamilton-Jacobi-Bellman (HIB) or
Hamiltonian equation. In practice, the HIB equation is solved
difficultly by analytical approaches owing to the inherent non-
linearities and unknown dynamics.

In order to overcome the difficulty coming from solving the
HJB equation, a reinforcement learning (RL)-based function
approximation strategy is usually considered. The basic idea is
that appropriate actions are taken by evaluating feedback from
environment [10]. One of the most popular means to perform
RL algorithms is the actor—critic architecture, where the actor
performs certain actions by interacting with environment and the
critic evaluates the actions and gives feedback to the actor [11].
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However, most of the RL-based optimal approaches require
complete knowledge of system dynamics, and it is difficult to
be satisfied for practical situations. In order to release the strict
requirement, an effective solution is the identifier—actor—critic
method because the unknown dynamics are estimated by the
identifier for RL [12].

It is well known that fuzzy logical systems (FLSs) have excel-
lent approximation ability, which can approximate any contin-
uous function to the desired accuracy over a compact set. In the
recent years, many frequently used control techniques have been
well developed based on the FLS approximator, such as back-
stepping, optimizer, small-gain approach, and dead-zone con-
trol [13]-[16], and widely applied to various nonlinear systems,
such as [17]-[22]. However, a common challenge and difficulty
in adaptive fuzzy control is the stability proof because there pos-
sibly exists the undesirable drift in the online learning. Recently,
several stability analysis approaches are published to gain the
extensive attention [23]-[25], they are the effective ways for
solving the difficulty. Nevertheless, for multi-agent system con-
trol, stability analysis becomes more challenging and difficult
owing to the state coupling in the control design. To the opti-
mized formation control, stability analysis is turned into a very
complex and intractability problem because RL is performed by
online training both critic and actor simultaneously.

Motivated by the above-mentioned discussion, in this paper,
the RL algorithm of the identifier—actor—critic architecture is
utilized for the optimized formation control. Based on FLS ap-
proximations of the unknown nonlinear dynamic and optimal
value functions, the identifier, actor, and critic are constructed,
where the online learning for them is continuous and simulta-
neous. The main contributions are listed in the following.

1) The optimized formation control approach can efficiently
solve the tracking problem by segmenting an error term
from the optimal value function. Owing to the diffi-
culty in the convergence analysis of tracking errors, ex-
isting optimization control methods rarely involve the
tracking problem. The proposed optimization strategy
can well carry out tracking control; therefore, it can
guarantee that the leader—follower formation control is
fulfilled.

2) The RL of the identifier—actor—critic architecture is ap-
plied to multi-agent control so that the excellent control
performance can be guaranteed. Most of the existing RLs
are designed based on a common assumption that the
system dynamics are completely known, such as [26] and
[27]. However, this assumption is impractical or very strict
for many practical situations. The proposed RL algorithm
can release the strict assumption because the adaptive
identifier is employed to estimate the system uncertain-
ties, it can meet the practical requirements for real-world
engineering.

3) The strict proofs for the stability and convergence analyses
are given. In most of the existing RL control literature,
Lyapunov function for stability analysis is designed to
contain the infinite horizon value function, such as [12]
and [28]. Because the function’s derivative is negative, it
cannot guarantee that the strict analyses are performed for
stability and convergence.
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For convenience, the following notations are used throughout
the paper.

1) R represents the real number; R" denotes the
real n-dimensional vector space; R"™*™ is the
n X m-dimensional matrix space; and I, is the n x n
identity matrix.

2) || denotes the absolute value; ||-|| represents the 2-norm;
and (2 represents the set.

3) T is the transposition symbol; and & denotes the
Kronecker product.

II. PRELIMINARIES
A. Fuzzy Logic Systems

It has been proven that FLSs have the universal approximation
and learning abilities. A FLS is composed of four parts, which
are the knowledge base, fuzzifier, fuzzy inference engine, and
defuzzifier.

The knowledge base is a collection of fuzzy If-Then rules
described in the following:

Rj: Iy is F{ and a9 is FY ...
Thenyis G/, j=1,2,...,N

and x,, is F})

where = = [z1,...,7,]T is the input; y is the output; Flj and
G/ are the fuzzy sets associated with fuzzy membership func-
tions ju,.; (2;) € R and pii (y) € R, respectively; and NN is the
number of rules.

The singleton fuzzifier, product inference engine, and center-

average defuzzifier are defined as
0 (0 Ly ()
Z;Vzl (_HIMF/ (xz))

here 6, = ().
where §; = maxug; (y)

y(r) = (1)

Define the fuzzy basis function as

lr_lllﬂiFj (‘rv)
pi(z) = —— 2)
Z;\; (-UluF/ (%))

the FLS (1) can be re-expressed as

y(z) = 0" p(x) 3)
]T

where © = [0y, ...,0x]" is viewed as the adjustable parame-
ter vector and ¢(z) = [¢1(x), ..., ¢n (z)]T is the fuzzy basis
function vector.

It has been proven that the FLS can uniformly approximate
any continuous nonlinear function to the desired accuracy over a
compact set. This property is described by the following lemma.

Lemma 1: [29] Any real continuous function h(z) € R is
well defined on a compact set 2, € R", there exists the FLS
described by (3) such that

sup |h(z) —y(z)| <e
zeQ;,

where € > 0 is an arbtrary positive number.
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According to Lemma 1, for any continuous vector-valued
function f(z) = [fi(x),..., fm(z)]T € R™ defined on the
compact set {3y € R™, there exists an optimal parameter matrix

5 =10%,...,67%,] € RN such that

f(z) =07 o(z) + ¢4 (x) ©))

where ef(x) € R™ is the approximation error satisfying
llef(z)]] <4, ¢ is a positive constant. The optimal parameter
vector O} is defined as

O} :=arg min {sup Hf(m) - G)JT”@(x)H} ®)

O ecRN xm .?tGQ/

where©; = [Of1,...,0/,] € RN ™ is the adjustable param-
eter matrix. It should be mentioned that @’} needs to be estimated
because it is an “artificial” quantity just for analysis purposes.

B. Algebraic Graph Theory

The interconnection topology of a multi-agent system
can be depicted by a graph G = (T1,=, A), where T =
{vi,v9,...,0,}, ECT x T and A = [a;;] are the node set,
edge set, and adjacency matrix, respectively. Let &;; = (v;,v;)
denote the edge connecting both agents 7 and j, then §;; € Eif
and only if there is an information flow from agent j to agent
1. Agent j is called as a neighbor of agent 7 if §;; € =, and the
neighbor set of agent 7 is denoted by A; = {v;|| (vi,v;) € Z}.
The adjacency element a;; denotes the communication weight
corresponding to the edge &;;, which satisfies §;; € E & a;; =
1 and otherwise a;; = 0. A graph G is called undirected if
a;; = aj;. Anundirected graph is called connected if any a pair
of distinct nodes can be connected by an undirected path. The
Laplacian matrix L = [l;;] C R"*" of the weight graph G is
defined as

L=D-A (6)

where d = diag{d,...,d,}, d; = Z;‘L:1 aij.

Let b; denote the connection weight between agent ¢ and the
leader. If there is the information communication between agent
4 and the leader, then b; = 1, otherwise b; = 0. It is assumed that
at least one agent connects with the leader, i.e., by 4+ bs + - - - +
b, > 0.

C. Supporting Lemmas

Lemma 2: [30] An undirected graph G is connected if and
only if its Laplacian is irreducible.
Lemma 3: [30] Let @ = [g;;] € R"*" be an irreducible ma-

trix such that g;; = g;; < 0fori # jand ¢;; = — Y 7_, g;; for
i =1,2,...,n. Then all eigenvalues of the matrix
Q1+ q qin
Gn1 Gnn + qn

are positive, where ¢i, @2, ...,q, are non-negative constants
satisfying g1 + ¢ + --- + g, > 0.

Lemma 4: [30] Let ®(t) € R be a continuous positive func-
tion with bounded initial value ® (0). If ®(t) < —ad(t) + 3
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is held, where « and /3 are positive constants, then there is the
following result:

O(t) < e 'd(0) + g (1-

e (7

III. MAIN RESULTS
A. Problem Formulation

Consider the multi-agent system modeled in the following:
j?z‘(t):fi (mi(t))—i-ui, 1=1,....n (8)

where z;(t) € R™ is the state; u; € R™ is the control input;
and f; (-) :R™ — R™ with f;(0) =0, is the unknown non-
linear continuous vector-value function. These terms f; (x;) +
u;, 1=1,2,...,n, are assumed Lipschitz continuous on
the set containing origin so that the solution of differential
equation (8) is unique for any bounded initial state x;(0). The
system (8) is assumed stabilizable, i.e., there exists the contin-
uous control u; such that the system is asymptotically stable.
The communication graph G is assumed to be an undirected
connected graph.

Let 24(t), #4(t) € R™ denote the desired trajectory and ve-
locity of the formation movement, which are assumed known
and bounded. Define the tracking error variable for agent ¢ as

zi(t) =a;(t) —xqg(t) —mi, i=1,2,...,n 9)
where 7; = [;1, iz, ..., mim]" is the relative position vector
between agent ¢ and the leader, which depicts the predefined
formation pattern.

Definition 1: [31] The multi-agent system (8) is said to
achieve the desired formation if its solutions satisfy

lim ||z;(t) —xq(t) —m]| =0, i=1,...,n
t—00

for the bounded initial conditions.
Based on (8), the following error dynamic can be yielded:

Zit) = fi(z) —2a(t) +u;y, i=1,...,n. (10)
Define the formation errors as
ei(t) = > i (wi(t) —m — x;(t) + 1))
JEA;
+b (zi(t) —zat) —ms), i=1,...,n (11)

where a;; is the ith row and jth column element of adjacency
matrix A; and b; is the connection weight between agent ¢ and
the leader. Inserting (9) into (11), the following equation can be
yielded:

ez(t):ZaU (27—Zj)+b722, Z:1,,TL
JEA;

(12)

Based on the multi-agent dynamic (8), time derivative of the
formation error is

éz‘(t) = szz(xz) +ciu; — bii}d(t) — Z aijgbj(t) (13)
jGAL
where ¢; = Z]‘eAi a;j + b;.
Define the infinite horizon value function as

V(e(t)) = ftoor(e(T),u(e))dT (14)
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where 7 (e,u) = e’ (t)e(t) + u' (C @ I, )u= 2" (t)(L"L ®
I,)z(t) + vl (C ® I, )u is the cost function, where e’ (t) =

[elT,...7eZ];u:[ulT,...,uZ]T;z:[le,...,n] C=
Qiag{cl,...,c,,,,};andi:L+B. It should be mentioned that

L is a positive deﬁnite matrix in accordance With Lemma 3.
Let 7; (e;,u;) = el e; + c;ul u; and V(e;) ff r; (eL
Uu; (ei))dT, the value function (14) can be re-expressed as

Vie) =)V,

=

(e1) :Z/tocr,; (e:(7), uies)) dr. (15)

Definition 2: [32] The multi-agent formation control
u;, 1©=1,...,n, is said to be admissible associating with
(10) on a set €, which is denoted by u;—1...,, € ¥ (Q), if
u;, 4=1,...,n,is continuous with u,;(0) = 0, u; stabilizes
(10) and V (e) is finite.

The optimized formation problem for the multi-agent system
(8) is to find the admissible control policies u;, ¢=1,...,n,
such that the infinite horizon value function (14) can be mini-
mized.

The control objective. Based on the RL algorithm of the
identifier—actor—critic architecture, design the optimized forma-
tion control u;, ¢ =1,...,n, for multi-agent system (8) such
that 1) all signals are semiglobally uniformly ultimately bounded
(SGUUB); and 2) the leader—follower formation control can be
achieved.

Based on the infinite horizon value function (14), the follow-
ing Hamiltonian function is derived:

H (e,u, 38V> =7 (e,u) + a;;(Te) é(t)
=eletu (C®1,) +Z(a‘ge(ﬁl)éi(t)>
i=1 i
- V(e
=3 (el + e bl + 252 ) - as)
i=1 i

where axgge) and ) denote the gradient of V(e(t)) and

V;(e;) corresponding to e(t) and ¢; (), respectively.

T . .
Letu* = [ui’,...,u;"]" be the optimal formation control,

then the optimal value function can be yielded as

min r(e,u)dr = r(e,u)dr
uizl_..._,,ET(Q)[ ( ) /f ( )
S i) -
n 00
:Z/ ri (ei,u
i=1 vt

Vi (ei)
de;

Vi(e)

min )/ T (e,-,u,-)dT
t

oy Ui ;€W (Q

a7

where V*(e;)
containing origin.

)dr, Q@ C R™ is a compact set

= [T ri(eiu
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Integrating both (16) and (17), the HIB equation is yielded as

H <euaave> =7 (e,u’) + 8?( Yot
(

—ZQeln ol + e eo) o

Associated with (13) and (18), the distributed HIB equation
can be derived as

(18)

ov* oV (e
i (e 5 ) = e+ gl + T3 <afi(xi)
+Ci bxd Zaljxj _Oa Z:L' y
jeN;
19)

Obviously, if the distributed HIB equations (19) are held, the
HIJB equation (18) is held. Assuming the solution of (19) is
existent and unique, the following optimal formation control u}

can be obtained by solving 9H; (e;, u, ae )/(’) =0
19V (e:)
uz 2 867 ) 1 ) ,n ( O)
Substituting (20) into (19) yields
v,
Hez‘(t)H2 + el ci fi(wi) = bida(t Z a;a;(t
g jEA;
¢; OV OV
2 L= =1 21
4 anT 6€L y 0 9 ) TV ( )

In order to achieve the optimal formation control (20), the term
0‘/87()(16) is required, which is expected to obtain by solving (21).
However, due to the unknown dynamics and inherent nonlinear-
ities, the equation is impossible or very difficult to be solved.
Therefore, the RL algorithm of the identifier—actor—critic archi-

tecture can be considered to realize the control.

B. FLS Identifier Design

Since these dynamic functions f;(z;), i=1,...,n, of
multi-agent system (8) are unknown, the FLS-based identifiers
are established to estimate the unknown functions for achieving
the optimized formation scheme.

For z; € Q where i = 1,...,n, the function f;(z;) can be
approximated by the FLS in the following:
i=1

fT(‘Tl)_ fzgofl (z7)+€fl(xl) RN (] (22)

where ©%; € R is the optimal parameter matrix;
@i (z;) € RP' is the fuzzy basis function vector; p; is the
fuzzy rule number; €¢;(x;) € R™ is the approximation error
satisfying |le; (z;)|| < d;;, and dy; is a positive constant.
Since the optimal parameter matrix @}i is the unknown con-
stant matrix that cannot be applied directly, it needs to be esti-
mated. Let ©7, (¢) denote the estimation, the adaptive identifier
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is built as
2i(t) = —ki%i (t) + OF, ()i (1) + i,

i=1,....n (23)
where ;(t) € R™ is the identifier state, and Z;(t) = &, (t) —
x;(t) is the identification error.

Design the updating law for © 4;(t) as
Oi(t) = Ti (—si(@)il (t) = 0:05:(1))
i=1,....n (24)

where I'; € RP'*P1 is the positive definite gain matrix and o; is
the positive design parameter.

Based on (8), (22), and (23), the identifier error dynamics can
be yielded as

Ti(t) = k& (t) + é?i (t)pyi (i)
1=1,...,n

where O ;(t) = O, (t) — ©}; is the estimation error.
Theorem 1: If the proposed identifier (23) with updating law
(24) is used for identifying the multi-agent (8), then 1) the
errors O, (t) and 7, (t) are SGUUB; 2) the identification error
Z;(t) can arrive to the desired accuracy by making the design
parameters k;, @ =1,...,n, large enough.
Proof: 1) Consider the Lyapunov candidate as following:

= % ZxT ()& (t) + % i:Tr (éﬂr;léﬁ). (26)
=1 i=1

Taking the time derivative along (24) and (25) is
) => & (t)
i=1

- ZTr (efz )i ()2l (t) + 0,07, (t )(:)fi(t)).

- E.fi (x’i)7
(25)

(—hida(t) + OF (s (@) — i)

27)

According to the property of trace operator Tr(ba® ) = a’'b

where a,b € R", there is the following fact:

T [OF, (s (@)al ()] = 1 () (6. (eri(w) ) - 28)
Substituting (28) into (27), we obtain

—Zk‘LHi‘I Z$
i=1

€f1 xz

S ot (é% )6 (t)) . (29)
i=1

According to the2 Cauchy—Buniakowsky—Schwarz inequality

331 (3"p—y arbr) < ( 2221 a2)(>°p_, b7) and Young’s in-

equality [34] ab < % + b—, there is the following result:

— & (t)epiz) < H Ol +%5?i. (30)

Based on the fact that Tr(@T G)f,-):lTr(éT O;) +

%Tr((:)j{i@fi) — 1Tr(@ ©7,), the following equation can be
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obtained:
— 0T (85,(065:(0)) < — T (65,(16y:(1))
%m(0ff6},).

Substituting (30) and (31) into (29) yields

B0 <=3 (-3) 1al -3

i=1 i=1

<=3k~

€Y

(676,

n

3) 1501 - > S

Tr (éTi (t)Fgléﬁ(t)) + 5

where 3; = 1 Z?:l(aiTr(Q’;zr w)+ 62,); and Amax (T
notes the maximal eigenvalue of I';” L
Let  oq =min{2(k — 3),...,2(k, —

n OENF” ) }, (32) can be rewritten as

(32)

1) de-

l) 01
2/ )\nlax(rII) v

Ei(t) < —a1Ei(t) + B (33)

According to Lemma 4, the following inequality can be ob-
tained:
Ei(t) <

*“E()‘i( (34)

o efap t )
it implies that the identiﬁer and estimation errors are SGUUB.

2)Let E, (t) = £ >0 | &7 (t)@;(t), its time derivative along
(25) is

n

Bo(t) < 3 (ki 13l + 20 OF i (1) — #'ep1) (35)

Inserting the following facts:

jZT (t)éJT% (t)eyi(xi) < ’

1
SIE @I + 5 |67 Oes)||

i L
=& (Negular) < 5 7O + 56}%

to (35) yields

Zk—lsz+%m (36)
where v, (1) = £ 30, (1O, (D pu(a) P +62,).

Since these estimation errors ©7,(t),...,07, () are
bounded, which are proven by part 1, the term v, (¢) is bounded.

Let ay = r{lin {ki—1} and [y =sup{y,(t)}, (36)
t=1,...,n t>0
becomes
Ei(t) < —az By (t) + ba. (37)
Applying Lemma (4), we obtain the following equation:
E,(t) < e *'E,(0) + ﬂz ( —e Pty (38)

The above-mentioned inequality means that the identifier error
can arrive the desired accuracy by making «, large enough. [J
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C. Optimized Formation Control Design

Since the multi-agent dynamic function f;(z;) is unknown,
the identifier (23) plays an essential role in the formation control
design. Define the identifier tracking and identifier formation
errors as

él(t) = C%Z(t) — l’d(t) — Ni»

i) =Y aij (& (t) —

JEN;

n— 25 +m) +bizi(t).  (39)

Based on the identifier dynamic (23), the following error dy-
namics can be yielded:

Zi(t) = —kidi(t) + O, (s (23) — 2a(t) + us,  (40)
éi(t) = —kici#i(t) + ;O ()ppi () + cius — bidg
=Y ayat), i=1,...,n. 1)

JEN;

Similar to (14)—(19), the optimal value function for the error
dynamic (41) is

V(o) = uz:ﬂhéwn/t r (6(r), u(é)) dr
n n 00
==Y, m | e
= / ri (&(7),ul(é))dr (42)
i=1 7t
where é(t) = [el (t),é5 (t),..., el (t)]". Then the distributed
HIJB equation associated with (41) can be yielded as
V* o Ai .
i (0 G ) = 1)1+ gl + e
A * a‘/l* é ol *
= s+ e 1P+ T (= k0 +
K3
+ ci(:)fl( Yori (x;) — bidg — Z a”x] ) =0,
jeA;

(43)

t=1,...,n.

Assume the solution of (43) to be existent and unique. By

solvmg OH;(é;,u;, ; )/0u! = 0, the optimal formation con-
trol u; can be obtained as

L 1ovi(e)
U, = —— ,
! 2 0¢
Segment the optimal value function (42) into two parts as
Vi(é) =i lleN” + V(@) (45)

1
where ~; is a positive design constant, and V;°(¢é;) =
—i lé;(D)||> 4 V;*(é;). Inserting (45) into (44), the optimal for-
mation control can become

1=1

Y (44)

t=1,...,n

Lovy
2 0¢;

ul = —yéi(t) — i=1,...,n. (46)
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Since V"(Ai) is the continuous function, for é; € ) where

i=1,...,n, V°(é) can be approximated by FLS as
Vi(e) =0 ¢i (&) +ei(@), i=1....n 4D
where OF € RP2 is the optimal parameter matrix; ¢; (é;) €

RP2 is the fuzzy basis function vector; py is the fuzzy rule
number; and ¢;(é;) € R is the approximation error to satisfy
le;(é;)] < &; where ¢; is a constant.

Based on the FLS approximation (47), the optimal value func-
tion (45) and optimal control (46) can be rewritten as

V(@) =i e @)1 + 6;7 i (&) + (&), (48)
107 ¢; (&) 10e;(é)
i =—vidi(t) — 5 P ;
R N T
i=1,...,n (49)
where d“p f‘ and d“égtf) are the gradients with respect to é;.

Substltutmg (48) and (49) into (43), we obtain the following
equation:

vy . )
i (. G5 ) = =62 = D eI + 20l 0
3

X Cié?i@fi (Jﬁl) — kicia?i (t) — bii‘d — Z aija;:j (t)
Jjen;
5807; (éi) A ~ -
T T
+6; 9eT (Ci@ﬁ%ﬁﬁ (i) = yiciéi(t) — kiciZi(t)
ci |07 i (&) o
_bxd ZCL“J?J _4HaéZ@L
JEA;
+e(t)=0 (50)
where
€i(t) 82(@) (cZ — kic; T (t) + ¢ (:):JfZ ori(x;) — bitq
Osg; ( i)
_Zawxj ) 9, ‘ .
JEA;

The term ¢;(t) is bounded because all terms are bounded.

Since the optimal parameter matrix O} is unknown, the op-
timal formation controller (49) cannot be applied directly. In
order to obtain the available control scheme, the following actor—
critic RL algorithm is constructed based on the FLS approxima-
tion (47), of which actor and critic FLSs are utilized to imple-
ment the control behavior and evaluate the control performance,
respectively:

Vi(e) = yilles )l + 65 (e (&), (51)
N 1 aTQOZ (éz) N .
*7’)’7?672(75)*587@@(17;(15), 1=1,...,n
(52)
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where V*(¢;) denotes the estimations of V;*(é;); and ©,; () €
R and ©,,; (t) € RP2 are the critic and actor parameter vectors,
respectively.

Using (51) and (52), the approximated HJB equation can be
obtained as

oV
H; (émumaéz) =& +c;

<2% T O (¢ )6<P11A(é¢)> (cié)?i(t)wﬁ(xi) _

oer

10% ¢; (é; ?
e 10

Am’t
2 0¢; Ouilt)

kiciZ;(t)

~ 2871902 (éz)

T
—iCié; — 5 a6, @ —b;xg — Z a”x] ,
jeEA;
i=1,...,n. (53)
Define the Bellman residual error ¢; (t) as
oV vy
(bl(t) = HZ <éi7ui7 ag]) - Hi <éi7uj7 aé)
oV
:Hl‘, (éi,ui,f>, i:l,...,n. (54)
(962'

Let ®;(t) = $¢?(t), the critic updating law can be yielded based
on the gradient descent algorithm for minimizing the Bellman
residual error:

2 . ¢
O.i(t) = Al aA )
1+ & 96 (1)
Hcifi(t) ( T A 9 A 2
=-——————= & 1O (t) — (vici — 1) [[& @)
L+ & (@)
+ 2’72éZT Czé?z (t)(pfl((EZ) — kzcliz — bii'd — Z aij:f:j
JEA;
" i (&) 4 ’
— || ———20,; i=1,...
1 e O4i(t) >7 i=1,....n (55)
where r.; > 0 is the critic learning rate; and
8%‘ (éi) AT ~ A
&i(t) = 9éT (Ci@ (W) pri(xi) — kiciTy — vyicié;
c; 0T i (&) A
-5 ac, Oui(t) —biza(t Z a”x]
jeA;
The actor weight updating law is designed as
A _ 19¢i (&), Api (&) 0" i (&) 2
O (t) = 2 e éi(t) — Kaici aeT e, O (t)
KeiCi dp; (€;) 0T ¢; (€;)
~T 5
s(1+ @) o %
X O (DEL (1)O,i(t),i=1,...,n (56)

where r,; > 0 is the actor learning rate.
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Assumption 1: [28] Persistence of excitation (PE): the signs
of &(t)él (t), i=1,2,...,n, are required persistent excita-
tion over the interval [¢, ¢ + ¢;], i.e., there exist constants g; > 0,
¢; >0, t; > 0 for all ¢ satisfying the following condition:

, &ML (1) < G, (57)

where [,, € RP?*P2 is the identity matrix.

D. Stability Analysis

Theorem 2: Consider the multi-agent system (8) with
bounded initial conditions and reference signal. If the opti-
mized multi-agent formation control (52) is performed based
on the identifier—critic—actor RL algorithm, where the identifier,
actor, and critic are online trained by the adaptive laws (24),
(55), and (56), respectively, then by choosing appropriate de-
sign parameters, the optimized formation control can guarantee
that

1) all error signals are SGUUB; and

2) the leader—follower formation control can be achieved.

Proof: 1) Choose the Lyapunov function candidate as

1 .
B(t) = 52 T (L @ I,)4(t Z@
+3 ; o~ (t)6 (58)
where ©,;(t) = ©,i(t) — ©*,0,(t) = ©,;(t) — ©*. The time

derivative along (40), (55), and (56) is

Z

Sar o (100 (&), Opi(é) 0T (&) s
+z;®(u(t)<2 aélT € RaiCi aéT aél ®a1

( kidi (1) + OF; (D)psi (xi) — a(t) + ”1)

KeiC dpi (é:) 0" i (éz‘)é NET (H)E
N ~ ai €Z t 601’ t
(1+lgm)?) oa o e
=+ Y éz; t < K/(/[f[( ) r t éci - LZ i 1 Ai ?
260 (- e 5 (6 (060 — (e = 1) e

JEA;
Do, (59)
0¢é; “ '

4
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According to Young’s and Cauchy—Buniakowsky—Schwarz
inequalities, there are the following facts: i (é:) 9" i (é1) Oui(t) + KeiCi
ot oa S a(t+lelr)
= kié] (t)(t) < ki IIez()IIQ+&H@(t)Il2, 5 5T (6 n
. en 2l T el erme.n + Y 6l
@ ! i=1

)

(0O (o () < 3 6O + 5 ||OF. e
(-2 (600 - (e~ Dl + 20 @)

— el (Dza(t) < 5 @I + 5 la()))” (60)

Inserting the above-mentioned inequalities and control law (52) A
into (59), we obtain O3 (V) pysi (2:) = kiciTi —bida — XA: aij i
jE

: 7 07 pi (&) 1T 0
B <=2 (i -k - Dlalt+ 3 (5 Toe, o |ofa@, b 1
; Z 5, e +Z SO + a2
i (&) . dpi (évz)a i (&) (6 (6
T P — T ; 14 Kfazcz * 8302 € a ®i (€ *
@ er “ ai€i0 1) oel e Ouilt) +5||9Fi (O)eriwi) o;" 8é(T) 8éi( )@i)-
(62)

ciCi ~ Dp; (¢:) 0" i (&) 4 A
neiti_gr 2080 01 G pere 1)
According to (50), the following equation can be obtained:

(i+pg) T oer o

+§ég.<t>( b (0t - (e~ Dl (e =D a0 +2vel (1) (O (e () — ke,

i=1 1+ &)
dpi (&)
—b;ig(t i =& (1)O] — 9*T -
+ 2v;ér ®fl( Yori (x5) — kici@i — b Z i jGZA i ( ) ¢ T
JEA; )
" i (&) i (&) .
T p; (61) T@a‘(ﬂ T Tei —€&(t). (63)
o) elile, >+Z(—|| A7+ 2 : :
Applying (63) and the fact that
1 g 2
+5 |65 s @) > . (61) 2
L 0T (&) 0 s i (&) .,
o -5 055 e < e+ | o er| o0

Based on the fact that O, (t) = ©,;(t) — O}, there are the fol- i i

lowi ions:

owing equations (62) can be rewritten as

a1 000 (&), 0 i (&) 0" i (&)

OL ()Tl — el ()220, = —of S 2R er, - — KaiCi a7 09i (&
0l %; %, B <=3 G~ ki~ 2) el - 3 cier, 22Le0)
~ i (&) 0T i (é;) 4 Kfazcz =t =t '

— Kai GO (t ai(t .

KgiC (l’L( ) aéZT aél @ ( ) @ ( ) 8T<)0L (ét)é ) Z KRqiCi (_)T 8@5 (et) 8 SOL ( )6
5 ai T ai
Doule) Ve G it gy 001 (2) 16 oe = o o
oer 0é; Oailt) = Oui (1) oer 0é; n
€; €; €; €; N Z KeiCi éT . a%, (éi) 3T¢i (éi)é (t)
A RaiCi ~sT a@z( )6 Pi (ez) * i1 41+ ||£L||2 “ aélT 0é; @
Oull) + 5707 a1 a5, O ( )
no lﬁ?cigi (t) ~
Substituting the above-mentioned equations into (61) yields (&) + Z @"T7 0 (m (€7T (a1
i=1 i
: S e Lm0 (@) i |00 (&) n | i up O (61) BT 01 (1)
Et < — i_ki_l 62'2— ZT—A@* ~ 23 i ) _ 4 ﬁ'sT ®i i @i )
(t) < ; (y ) llé ]| ; aé, 1Y e Oui(t) 5O 5eT %,

B KaiCi T@goz( ) 0T wi () = o “~ KaiCi A A Ci
Z CH i o6 Oui ; 7 Oul) Ouilt) + 7

T (5.
9" i (62)@*

7 i2—ei>>+z( 1P
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1A 2 ke +2 107 @i (&) o, ’
+5[[O50pntn| + 2 | T2 ey
1.
+5 IIdeZ) : (65)
Using the fact that
aTSDi (éi) A ? Ci o 0P (62) or Pi (61) A
e R i
e (000 @) o |” _ g @20 (6) 371 (@)
T Tos O T 7% e g Ol
G o 99 (62)8 i (&) ~
@ oer 0¢é; Ouilt) (66)
(65) can be rewritten as
. n . n K;alcl
Bt)<-Y (v—k—2) ||ez'(t)\|2—z o, ()
i=1 i=1
dpi (&) 0" i (&) 4 ~ K AT Ta
- ——0,;(t) — ———0., ()& Ot
ST o8 (t) ;HH&HZ L1068 Oei(t)

ReiCi 0p; (& or i (€i) A A
Z ai(t) (pae( ) ge( )eaz(t)sz@ct
a1+ lal) i :

()AL o (6:) .
Z CiKej NT—(t)&(:)T-(t)a%A(el)a (P’LA(CZ)(__)M_
“ o oer 0¢;
S a(1rlal?) i ;

CiKei ~ ¥ 0p; (& or i (€i) =
Z of ey 22 T A g
a1+ lal?) i ;

= RaiCi A 89@ (ez)
)ft L( ) - —@ﬂ(t) ~
Z +H§L|| = 2 oef
" i (&) 2
Teltl, +Z(— E O + & |OFesi )
1. KaiCi +2 || 0% i (&) ., ?
g ol 4 22 | TGl ). )

Substituting the facts that

n

KeiCi _ar 0% (&) 0" i (&)
2 (1+1s1)

CiKeci T

dpi (&) I i (&) A
;14<1+£z||) (1)&675(t) (t)

oer 0é;
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_ CiRei ,”‘ t)a(pl (61)@*T€28 SDZ (el)é ()
;4(1+||s 17 ol

L € L O (1)6,67 ., (¢
e (060 < S Ol 6E O
Rei 2
2+ e
into (67) yields
Bt) <=3 (v — ki —2) & - Z FIBOT (1)
i=1 i=1

i (62) or Pi ez

o % Z (1+||@||)

n

CiKei 57 (¢ i (éi)@*TflaT%‘ (éi)é ()

+ @ai( ~ i =
;4(1+||gi||2) ) oer e,

= CiKei ~ i (&) 0T ¢ (&) ~
+Y ——————0L)&e;" = ~20,:(t)
2 (1+D&lP) el %

"~ KaiCi AT 0 Opi (&) " i (&) 4 ]
_ ; TG’“‘(t) 9eT 96, Oui(t) + U (t) (68)
where

" 1

0.0 = X (L1501 + 3 1001
i=1

Rei 2 1 AT 2

+ meqx (t) + 5 H@fi(t)sﬁfz:

. T . (6, 2
4 (1 T RaiCi Ha g;(el)gf > .

Using Young’s and Cauchy—Buniakowsky—Schwarz inequal-
ities, we obtain the following results:

ReiCi

5T (4 Opi (éi)@f‘T&(t)Mé”(t)
11+ &)

i el 0é;

T OPi (62) «T *8 Pi (éz‘)
— 329 ( ) 6 @ 62( )é‘ ( )9 T@al(t)
FJ Cz i (& r i (&) A
Ot 89Daé(.T = géz‘( 16,10,

KeiCi ~ o1 0 (é;) or wi (&) x
—————elw&me;” ©ai(t)
4 (1+ ||€¢(t)||2) oef 0%

Cj = . Opi (&) i (é)
< CHOSIOCEE-
32 (1+ I (0)I) e o4

/@c7

or (¢ )&Pi (&) 0" i (éi)éai(t)-

01¢ (061 (1) + e
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Inserting the above-mentioned facts into (68) yields

n n 2
- ~ 12 RqiCi ReiCi
B < -3 - k- ) e - Y (5 - S

i=1 i=1
*T *\ AT agpl (éz) 8TSDZ (él) a
—50 G0 ()Q—)%(t) S e, Ouil)
e _ G g O (6) O (8) )
— - _ = — (._.)Z
Z 1+|\£z|| ( oe o

0% (h&:E! B

= RaiCi T a@i (éf)
Z ( - ) @az( ) aéIT

i=1

VAN é .
%éf”@ai(ﬂ + e (1)

Make the design parameters to satisfy the following conditions:

7 0 )] o' ©i (&)
oer 0¢é;

(69)

v > ki +2, fﬁu>—@* o7,

— 16

Kai > K/Zi + C! @*T@*

(70)

Based on the PE condition (see Assumption 1), (69) can be
written as

. n . n FouiCi ﬁgici
E<t><—Z<m—kz-—2>||ei<t>||2—z( 0 _

i=1 i=1
tht @*T@ A{IlinéT‘ (t)é (t) _ i ReiSi o )L;naxgici
rooTaen —~\ 2 32
0;70;) O(1)0ei (t) + 1 (t) (70
where A@* and AM" are the maximum and minimum eigen-
values of 8*”6(‘ >%.
Lety = min {’)/7 — 2}, kg = __qlin {(Bee — ”’Eé‘(”
C7C7 @*T@*))\mm} Ke = I{lln { KeiSi A Lxgl(/l @*T@ }’
and (3, = sup{+.(t)}, (71) can be ’redescrlbed as
>0
Bty < - S lle)? -, %16
i=1 i=1
— e Z CH ) + Be. (72)

Furthermore, according to (80) (in Remark 1), the above-
mentioned inequality can be written as

— Ka Z eaz

B(t) < ———3T)(L®1y)

max

—HCZC"‘)

. 92
where o, = min{;=—,
mas

)+ 0 < —aE{t)+8.  (73)

2K}
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According to Lemma 4, there is the fact that

e “'E(0) + & (1—e ")
From the above-mentioned 1nequahty, it can be concluded
that all error signals z; (), W,;(t), Wy (t), i=1,...,n are
SGUUB.

2) Let E.(t)
along (40) is

= 32T (t)(L ® I,,)4(t), its time derivative

E.(1) = 3 (ke (07 (1) + & (085, () ()

—e] (t)da(t) + & (t)u;) .

Performing the control (52) to the above-mentioned equation
yields

(74)

=D wllel + 3 (e 067 tes: ()

—hgummyJ%ﬂﬂ%ﬁﬁax)—J@no.(ﬁ)

27" 0¢
Applying (60) and the following inequality
T 5 T 5 2
0T le 0 < o + [ T2 e,
to (75) has
E.(t) < —v[e®]” + = (t) (76)
where

‘ 2

1 ki -
0.0 =2 (5 1l + 2 gl + 3 |67 ()

L

From Theorem 1 and part 1, it can be concluded that all terms
of 1. (t) are bounded. Therefore, there exists a constant 3, such
that ¢, (¢) < (.. Furthermore, based on (80) (in Remark 1),
there is the following equation:

T T ()L @ I )4(t) + B

max

=-—a.F, (t) + 5.

;i (&)

0é; ai(t)

iy

Ez (t> S -

)
where o, = )\27
According to Lemma 4, the following result can be obtained:

— e"“t).

E.(t) < e ™'E.(0) + Be (1 (78)
ay

The above-mentioned inequality implies that the tracking errors
can arrive at the desired accuracy by making «. large enough,
as a result, the desired control performance can be obtained. [J

Remark 1: Since L is a positive definite matrix in accordance
with Lemma 2, it has n positive eigenvalues that are denoted
by A1, As, ..., Ay. Let x1,Xx2,...,Xn denote the eigenvectors
associated with these eigenvalues. According to matrix theory,

X1,X2;-- - Xn canbe chosen to be a set of orthogonal bases. Let
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Q=[x1,X2,---,Xn] € R"" and P = diag{A1,A2,..., A0},
there are the facts that Q7 Q = QQ” = I, and L = Q" PQ.
Then the term 27 (¢)(L ® I,,)2(t) can be reexpressed as

(L@ In)4(t) = 27 () (QT PQ) ® I, ) 2(t)

2T (1) (QTPQQTP'QQT PQ) @ 1) 2(t)
(L@ L) (QTP'Q)® L) (L® L)4(1)
() (QTP'Q) ® Iy) é(t).

From the above-mentioned inequality, the following result can
be yielded:

(79)

Jin [€00)17 < 2T ()(L @ L )2(1) < dnax 1€(E)]1* (80)

where A i, and Ay, .« denote the minimum and maximum eigen-
values of QT P~1QQ.

IV. SIMULATION EXAMPLE

In order to further demonstrate the effectiveness of the pro-
posed formation methods, a numerical multi-agent formation
consisting of four agents is carried out. In this example, the four
agents move on the two-dimensional plane and the multi-agent
is molded by the following dynamic:

0.52;1 cos? (Bizi1)

zi(t) = —aiz(t) — Tio — sin’®(Bizyo)

+,U;j’

i=1,2,3,4 (81)

where Qj=1234 = 0.7, —3.1, 6.5, —11 and ﬁi:l,2,3.4 =
0.5,0.4,—5.5,—10, respectively. The initial positions
are Ti=1,2,3,4 (0) = [6a 6]T7 [767 G}Tv [67 76}T7 [767 76}T’
respectively.

The desired reference signal is

24(t) = [2sin (0.7t), 2 cos (0.7¢)]" (82)

of which the initial state is x4(0) = [~1,1]". The formation
patternis m;—123.4 = [4;4]7, [—4; 4], [4; —4]T, [-4; —4].
The adjacency matrix is

01 0 0
1010
A_0101
0 01 0

The connection weight matrix between agents and leader is
B = diag {1,0,0,0}.

The identifier design: The fuzzy membership functions for
agenti, ¢ = 1,2,3,4, are chosen as

| — [6,6]" + [2) — 1,2) — 1]T|\2>

= 7B 21

j=1,...,6. (83)

Then the fuzzy basis function vector is obtained as ¢ f7(z7) =
e ui j (.’L‘,‘) .

lefi (i), i (@i)), where @) () = st j=

1,...,6. Based on (23), the adaptive identifier is built in

_/:1#%_, (wi) ’
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— Agent 1
— Agent 2
—— Agent 3
20 —— Agent 4

Reference
trajectory

Time
)

Fig. 1.

Multi-agent formation performance.

the following by choosing the design parameters k;j—1 234 =
247 20, 18, 16, Fi:1’2‘3,4 = 0.4]6; and 0i=1,2,3,4 — 0.6:

Oi(t) = 0.4 (—gof,;(mi):%zr (t) — 0.6, (t)) (84)

where

T
: 0.1 01 01 01 0.1 0.1
@f"’(o)_{o.l 0.1 01 01 01 0.1}

The optimized formation control design: The fuzzy member-
ship functions for the distributed controller of agent 1,
1,2, 3,4, are chosen as

1=

‘ lles — [6,6]7 + (27 — 1,25 — 1]" ||
ps (e) = exp | — .

j=1,...,6. (85)

The fuzzy basis function vector is yielded as ¢;(e;) =

[ol(ei), ..., ¢8(e;)], where cp{(e,;) = Zb““/li% For the
g=1tpg

actor and critic adaptive laws (55) and (56), the design
parameters are chosen as k,; = 0.1 and k., =0.2, =
1,2,3,4; the initial values for adaptive adjusting vec-
tors are O, (0) = [0.1,0.1,0.1,0.1,0.1,0.1]” and ©,,(0) =
[0.2,0.2,0.2,0.2,0.2,0.2]", i =1,2,3,4. The control pa-
rameters are chosen as v;—1 2,34 = 26, 24, 22, 20, respectively.
According to (52), the controller is described in the following:

10" (&)

2 0é; Ouilt),

u; = —v; & (t) — 1=1,2,3,4. (86)

Simulation results are shown in Figs. 1-6. Fig. 1 displays the
multi-agent formation performance. Fig. 2 shows the identifier
errors. The boundedness of identifier parameter matrices, critic,
and actor parameter vectors is displayed in Figs. 3-5. The cost
functions are shown in Fig. 6. The simulation results further
demonstrate that the proposed optimized formation scheme can
guarantee the control objective to be achieved.
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i =1,2,3,4, of the identifier parameter matrix.
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Fig.4. Norm He’” ., 1=1,2,3,4, of the actor parameter vector.
= 60 = 15
<) <)
= =
@ 40 = 10
£ £
5 5
& g
o 20 o 5
S S
P P
= o = o
o 5 10 15 20 o 5 10 15 20
Time Time
=% 60 — 60
j<) j<)
= =
B 40 @ 40
£ £
5 5
g8 g
o 20 o 20
S S
P P
= o = o
o 5 10 15 20 o 5 10 15 20
Time Time

Fig.5. Norm H(:)u

i =1,2,3,4, of the critic parameter vector.
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Fig. 6. Cost function r; (z;,u;), i=1,2,3,4.

V. CONCLUSION

The paper proposes an optimized control scheme for leader—
follower formation of nonlinear multi-agent systems with un-
known dynamics. In order to achieve the control objective, the
identifier—actor—critic RL algorithm is employed based on the
universal approximation property of FLS, in which the identifier
is utilized to estimate the unknown dynamic of the multi-agent
system; the actor FLS is utilized to carry out the control be-
havior; and the critic FLS is utilized to evaluate the optimizing
performance and return the evaluation to the actor training. Ac-
cording to the Lyapunov stability theory, it is proven that the
proposed scheme can achieve the control objective. Simula-
tion results display the effectiveness of the proposed control
approach.
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