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Abstract
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formula and the comparison theorem are developed in our setup, via which the game
is shown to have the value function as the unique solution to the associated Shapley
equation. By the Shapley equation in the form of a differential equation, we establish
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current state and can be applied at any time. A potential algorithm for computing
saddle points is proposed.
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1 Introduction

Asis well known, game theory is a mathematical framework to analyze social situations
among competing players and produce satisfactory decision-making for competing
players. Game theory has a wide range of applications such as psychology, evolutionary
biology, politics, social sciences, economics and business. Since John Nash received
the Nobel Prize in 1994, twenty game theorists have been awarded the Nobel Prize
in Economic Sciences. Nowadays, there have been many advances along with plenty
of branches in game theory; see, for instance, the monographs (Barron 2013; Haurie
et al. 2012).

Markov games are one type of stochastic dynamic games, where the state dynamics
of the games are driven by Markov processes. To date, Markov games have received
increasing attentions and have been widely investigated; see, for instance, Minjarez-
Sosa (2020) for discrete-time Markov games (DTMGs) with discounted criterion;
Gensbittel and Renault (2015), Minjarez-Sosa (2020) for DTMGs with long-run aver-
age criterion; Guo and Zhang (2017) for continuous-time (pure jump) Markov games
(CTMGs) with finite-horizon payoff criterion; Guo and Hernandez-Lerma (2007),
Prieto-Rumeau and Lorenzo (2015) for CTMGs with discounted payoff criterion;
Guo and Herndndez-Lerma (2003), Lorenzo et al. (2015) for CTMGs with average
payoff criterion; Jaskiewicz (2009), Mondal (2017) for semi-Markov games (SMGs)
with average criterion; Ghosh and Goswami (2006) for SMGs with discounted crite-
rion; Costa and Dufour (2018) for piecewise deterministic Markov games (PDMGs)
with discounted payoff criterion.

This paper is concerned with zero-sum PDMGs, one type of Markov games whose
state dynamics are driven by piecewise deterministic Markov processes (PDMPs).
PDMPs evolve through random jumps at random time points while the motion between
jumps follows a flow. In particular, if the flow remains unchanged over time, PDMPs
reduce to continuous-time (pure jump) Markov processes (CTMPs). These features of
PDMPs make them have wide applications in many areas such as management science,
operations research, and engineering. There has been a vast literature on piecewise
deterministic Markov decision processes (PDMDPs) where only one decision maker
is considered (Béuerle and Rieder 2011; Costa et al. 2016; Huang and Guo 2019).
However, as far as we can tell, there is only one paper (Costa and Dufour 2018)
devoted to PDMGs. In fact, Costa and Dufour (2018) deal with zero-sum PDMGs
with the infinite horizon total expected discounted reward criterion. The transition
rate and reward functions are assumed to be unbounded. The authors use the special
features of the PDMPs to reformulate the problem as a discrete-stage zero-sum game
problem. They derive conditions for the existence of min-max strategies.

In this paper, our problem and the assumptions on model data are similar to those in
Costa and Dufour (2018). We also consider the expected infinite-horizon discounted
payoff criterion. The state space is assumed to be a Borel space. Both the transition
rate and payoff function are allowed to be unbounded. The policies of the two players
are history-dependent, and the controls continuously act on the transition rate and the
payoff rate. However, there are some differences between the work in Costa and Dufour
(2018) and ours. First, the decisions for the two players in Costa and Dufour (2018) are
taken only after a jump time, while the transition rate, reward rate and boundary reward
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are affected until the next jump occurs through a predefined mapping /(x, a, b, 1),
where x is the state at the beginning of the current jump, (a, b) is the action pair
chosen by players, and 7 is the time elapsed since this jump occurred. In our work, the
decisions for the two players are taken continuously over time, and these actions will
be continuously acting on the transition rate and the payoff rate. Second, our approach
to dealing with the problem is different from the reduction technique in Costa and
Dufour (2018). In fact, we use a so-called infinitesimal approach, which characterizes
the value function as a solution to some differential equation; see Costa et al. (2016)
for infinite-horizon discounted PDMDPs with bounded jump rates and Huang and
Guo (2019) for finite-horizon PDMDPs with unbounded jump rates. In more detail,
we develop Dynkin’s formula and the comparison theorem in our setup, and then show
that the game has the value function as the unique solution to the Shapley equation
that is in the form of a differential equation. As far as we know, this paper is the first
attempt to apply the infinitesimal approach to studying PDMGs. Third, because our
approach is different from the one in Costa and Dufour (2018), some assumptions in
this paper are different from those in Costa and Dufour (2018); see Remarks 2 and
3 for details. We also provide a simple example to verify our assumptions. Finally,
by the Shapley equation derived in this paper, we establish the existence of saddle
points, and propose a potential algorithm for computing a saddle point. We mention
that, since the Shapley equation in this paper is in the form of a differential equation,
the saddle point we obtain is in a very simple form, which only depends on the current
state and can be applied at any time.

The rest of the paper is organized as follows. Section 2 describes the model of
PDMGs and the problem formulation. Section 3 provides some preliminaries such
as Dynkin’s formula and the comparison theorem. The main results on the Shapley
equation and the existence of saddle points are given in Sect. 4. Section 5 provides an
example that verifies all the assumptions in this paper. An appendix about the proof
of Proposition 1 is included in Sect. 6.

2 Problem formulation

Notation. Let R = (—00, 00), and Ry = [0, 00). For a Borel space X, we denote by
D€ the complement of a set D C X, by §(x)(-) the Dirac measure concentrated on
x € X, by 1p(x) the indicator function on a set D C X, by £ (X) the family of all
non-empty subsets of X, by Z(X) the Borel o-algebra on X, and by P (X) the space
of all probability measures on (X, Z(X)).

The model of a zero-sum PDMG is a tuple as below:

{E,A,B,{A(x), B(x),x € E},q(-|x,a,b), p(x,1),r(x,a,b)}. (1)

Here, E is the state space of the PDMP, while A and B are the action space for player
1 and player 2, respectively. These spaces are all assumed to be Borel spaces endowed
with Borel o-algebras. A(-) and B(-) are measurable compact-valued multi-functions
from E to &(A) and #(B), respectively. For each x € E, A(x) and B(x) denote the
sets of available actions to player 1 and player 2, respectively, when the system is at
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the state x € E. For convenience, let’s introduce the set
K :={(x,a,b):x € E,ae A(x),b € B(x)}.

That is, K is the graph of the multi-function A(-) x B(-). Since A(-) and B(-) are
measurable compact-valued multi-functions, by Lemma 1.7 in Nowak (1984), K is a
measurable subset of E x A x B. Moreover, ¢ (-|x, a, b) is referred to a transition rate,
which is a measurable signed kernel on E given K such that, for all (x,a,b) € K,
(i) 0 < gq(Dl|x,a,b) < 4ooforx ¢ D € AB(E), (ii) q(E|x,a,b) = 0, and (iii)
q*(X) = SUP,eca(x).beB(x) 4 (X> @, b) < 0o, whereq(x,a, b) := —q({x}|x,a,b) > 0.
The motion between jumps of the PDMP is determined by ¢ (x, ) in (1), called a
flow, which is a measurable function from £ x R to E. We assume that ¢ (x, s +1) =
d(p(x,s), 1) forall x € E and (s, 1) € R%. Finally, the measurable function r (x, a, b)
on K denotes the payoff rate for player 1. In a zero-sum game, one player’s gain is
equivalent to another’s loss, so that r (x, a, b) is the loss rate for player 2.

Remark 1 Unlike the models of PDMPs in Costa et al. (2016), Costa and Dufour
(2018), we do not consider jumps when hitting the boundary and the related impulsive
control in our model. In some cases, there are actually no boundary jumps since the
boundary will be never reached, as indicated in the example in Sect. 5 below.

To construct the PDMP based on the data above, let Eo := E U {xo}, where
Xoo 18 an isolated artificial point corresponding to the case when no jump occurs in
the future. For n > 0, we put 2, = E x ((0,00) x E)" x ({00} x {xs0})*. The
sample space is @ = U @, U (E x ((0,00) x E)*), and let .7 be the Borel
o-algebra on Q. Then we obtain a measurable space (2, .%). For a trajectory w =
(x0, 01, X1, -+, On, X, ...) € Q, xo denotes the initial state of the process, and for
n > 1,60, > 0 and x, correspond to the time interval between two consecutive
jumps and the state of the process immediately after the jump. In case 8, < oo and
0,41 = 00, the trajectory has only n jumps, and we put 6,, = 0o and x,, = x for
all m > n + 1. On the measurable space (2, %), we define a sequence of random
variables {®,, X,;,n > 0} by Op(®w) := 0, O,4+1(®) := 041, Xn(w) := x,, for each
n > 0 and any trajectory o = (xo, 61, X1, ..., Ok, Xk, ...) € 2. Further, we define
To(w) =0, T,(w) := > i, O;(w) forevery n > 1, and Too(w) = lim,—, o0 Ty ().
Then, the PDMP {&,;, r € R} is defined by

_JoXn(@), 1t = Th(w)), if Th(w) =1t < Tht1(w),
&r(w) 1= .
Xoo» if ¢ = TOO(w)a

foreacht € R, . Tobe complete, when the PDMP occupies the state xo,, we introduce

artificial actions a, and b, for player 1 and player 2, respectively. Moreover, let

q(-|X00, Aoy bo) = 0, A(Xo) = {00}, B(Xx0) = {boo}, and Axy = A U {aco},
Bso = B U {bso}.

The probabilistic properties of the PDMP {&,,¢ € R.} are determined by the

transition rate and policies of players. First of all, we need to define policies. To
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this end, we introduce the random measure u associated with {®,, X,,,n > 0} on
(Ry X E, B(R+ X E)) by

w(w; dt,dx) = Z 147, (w) <00} (T, (), X (@)} (d2, dX).

n>1

Moreover, we take the right-continuous family of o-algebras {.%;};>0 with .%; =
o(u(0,s]xD):0<s<t,De B(E)),andletP :=c({I' x {0}, T € Fo}U{I' x
(s,00), ' € F5_,s > 0}) be the o-algebra of predictable sets on Q2 x R related to
{F1}i=0, Where Fg_ := V5T

Definition 1 A randomized history-dependent policy, or simply, a policy for player 1
is a transition probability ! (dalw, t) from (2 X Ry, P) onto (Aso, B(Ax)) such
that 77! (A(¢;—(w))|w, t) = 1.In particular, a policy 7 Y(da |w, t) is called randomized
Markov for player 1 if the action selection depends on the history only through the
current state, i.e., the policy has the form & Y(da|&_(w)). Policies for player 2 can be
defined similarly.

For eachi = 1, 2, we denote by [T and H‘k  the families of all policies and that of

all randomized Markov policies for player i, respectively.
Now consider astate x € E and a pair of policies (!, 72) € 1! x IT%. By Theorem

3.6 in Jacod (1975), there exists a probability measure IF‘;CTI’”2 on (2, %) such that
1 2
the restriction of PY *™ on (R, .%p) is given by

1.2
PT 7" (Xo=x) =1,
and the random measure v™ 7 defined on (0, 0) x E by

v (3 dt, dx)
= f / q(dx \ {&—(@)}|&- (@), a, b)n' (dalw, 7> (dblw, 1)dt.
BJA
is the predictable projection of p with respect to IP;TI”TZ; see Costa et al. (2016) for
further details. L
Let EY "™ be the corresponding expectation operator with respect to PY " . For

each pair of policies (7t1 , 712) € ' x M2, we define the expected infinite-horizon
discounted payoff criterion by

v (x)
o0
=E7 T [/ e*m/ / r(g,,a,b)nl(dmw,t)n2(db|a),z)dt] Vx € E,
0 BJA
provided that the integral is well defined. Here, « is a discount factor.
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As is well known, the functions V*(x) and v* (x) on E defined by

V*(x):= sup inf V”l’”z(x),

2em2
7ler! 7€l

. 1 2
inf  sup V7" (x), x € E,
n2el? L1l

and V" (x):

are called the lower value and the upper value of the game, respectively. It is clear that
V*(x) < V'(x) forall x € E.

Definition 2 If V*(x) = v* (x) for all x € E, the common function is called the value
function of the game and denoted by V*(x).

Definition 3 A pair of policies (7!, #2) is called a saddle-point if
Vi ) < VR ) < v o vl e 7 e P x € E.

At a saddle point, no player can improve (reduce) his/her payoff (loss) by deviating
unilaterally from the saddle-point policy. Note that if a saddle point (7!, 72) exits,
we must have

V) < V' (x) < V¥(x) ¥x € E,

which implies that v 1”%z(x) = V*(x) for all x € E, meaning that the game has a
value. In the following sections, we show when a saddle point exists and how to find
a saddle point for the game.

3 Preliminaries

Since the transition rate is unbounded, we shall first avoid the explosion of the PDMP
{&:/}, and so we propose the following assumption.

Assumption 1 (a) There exist a measurable function wyg > 1 on E, and constants
co > 0,dy > Osuchthath wo(¥)q(dylx, a,b) < cowo(x)+dp, for all (x, a, b) € K;
(b) There exists a sequence {E,,, m > 1} of Borel subsets of E such that E,, 1 E,
Sup,cg, ¢*(x) < 00, and limy,—, o infr¢E,, Wo(x) = 00;

(c) wo(@p(x, 1)) < wo(x) forall (x,r) € E x R4.

Remark2 (a) Assumption 1 is inspired by Assumption A in Guo and Song (2011)
for continuous-time Markov decision processes (CTMDPs) and Assumption 3.1 in
Guo and Herndndez-Lerma (2007) for CTMGs. However, due to the presence of the
flow ¢ in PDMPs, we add Assumption 1(c) additionally to ensure the non-explosion
of PDMPs. Moreover, Assumption 1 here is similar to Assumption 3.1 in Huang and
Guo (2019) for finite-horizon PDMDPs, but the two assumptions slightly differ.

(b) The parallel assumption in Costa and Dufour (2018) for PDMGs to Assump-
tion 1 here is Assumption B therein, but it is different from ours owing to different
techniques applied, mentioned in the introduction above.
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Proposition 1 Ler Assumption 1 be fulfilled. For each (7', 7%) € TI' x 1>, x € E,
andt € R, the following assertions hold.

(@) PT™ (Too = +00) = 1.

(b) BT ™ [wo(&)] < e wo(x) + Zﬁ(ecof —1).
0

Proof The proof is postponed to Sect. 6. O

. 12 ..
To ensure the finiteness of V7™ >~ we also propose some growth conditions on the
payoff rate and the discount factor.

Assumption 2 (a) The constant ¢ in Assumption 1 satisfies that ¢y < «.
(b) There exists a constant My > 0 such that

Ir(x,a, b)] < Mowo(x) V(x,a,b) € K.
We can now show that V7" is finite for each pair of policies (!, 72).

Lemma 1 Under Assumptions 1 and 2, we have

v (o)) < V!, n?)yen! x 2, x € E.

doM,
wo(x) + — 2
a(a — cp)

o — Cp

Proof Under Assumptions 1 and 2, it follows from Proposition 1(b) that

o0
M,
v ) < Mo / BT [uo &) <
0

The proof is complete. O

We are going to derive Dynkin’s formula for discounted PDMGs with unbounded
transition rates. To this end, we introduce a framework. Let w > 1 be a real-valued
measurable function on E, called a weight function. For every measurable function ¢
on E, we introduce its w-norm | @], by

lellw = Sugkp(X)I/w(X)-

Let By, (E) be the Banach space of all measurable functions ¢ on E such that ||¢||,, <
oo, while let B4 (E) be the collection of all measurable functions ¢ in B, (E) such
that ¢(¢ (x, 1)) is absolutely continuous in t € Ry for all x € E. For a function ¢ €
BY(E), by Lemma A.1 in Piunovskiy and Zhang (2021), there is some measurable
function L?¢ on E satisfying

t
o (x. 1) — 9(x) =/ L9 (. v))dv Vi€ Ro.x € E.
0
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Here, forx € E, the function L"’(p(d) (x, v)) on R coincides with the partial derivative,
0¢(¢(x, v))/dv,of the function (¢ (x, v)) inv € Ry apartfromonanullset Z,(x) C
R with respect to the Lebesgue measure. For such a function g, let

DY ={p(x,t) e E:te€ Z;(x),x € Ej}.

Then, the function L?¢ on E can be defined as below:

lim p(@(x, As)) — p(x) .
LPo(x) :={ as—0 As ’
arbitrary, otherwise.

e DY,

In particular, if ¢ (x, t) = x in which case a PDMP becomes a CTMP, L¢go(x) =0
for all x € E. Moreover, for ¢ € B (E) and a weight function w on E, we let

IL?@)1% = sup [LPp(x)|/w(x),

xeDy

and B4 . (E) := {p € BY(E) : |[L?¢]|5 < oo}.
Some more assumptions are required to ensure Dynkin’s formula works.

Assumption 3 There exist a measurable function w; > 1 on E, and constants M| > 0,
c1 <« and d; > 0 such that

@ (14q(x,a,b))wo(x) < Mywi(x), forall (x,a,b) € K;
(d) [rwi(Mg(dylx,a,b) < crwi(x)+d; forall (x,a,b) € K;
© wi(p(x,1)) <wi(x)forall (x,t) € E x Ry.

Remark 3 The parallel assumption in Costa and Dufour (2018) for PDMGs to Assump-
tion 3 here is Assumption D therein, but it is different from ours. Assumption D together
with Assumption B and C therein are used to ensure the convergence of the expected
infinite horizon discounted payoffs, while Assumption 3 together with Assumption 1
here are used to justify Dynkin’s formula in our setup.

When Assumptions 3(b) and 3(c) are further imposed, Proposition 1(b) holds with
wo being replaced by wj so that we have

ET [wi(6)] < e w (x) + iﬁ(e‘f” —1). )
1

We are ready to state Dynkin’s formula for discounted PDMGs.

Theorem 2 (Dynkin’s formula) Suppose Assumptions 1, 2(a) and 3 are satisfied. For
each (', n?) e ! x N2, o e B  (E), T € Riandx € E,

wo, w1

E;Tl,nz [ /OT <L¢[€7at‘p(ét)]
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o / f / so(y)q(dym,a,b>n1<da|w,r)n2<db|w,r))dt]
BJAJE
=E" " e T o(Er)] — o(x).

Proof 1t follows from Proposition 1(a) that, for almost all (a.a.) w € Q with respective

to lel’”z, there are only finite number of jumps of the PDMP {&;(w)} up to any time
T. Therefore, by the construction of & and the definition of D?, we conclude that for
a.a.t € Ry, &(w) € D?Y. Hence, by the definition of the operator L?, we have

e g ()]

L?[e ™ p(& ()] = T

, aa weQ,teR;.

Thus, using the equality (8) in Avrachenkov et al. (2015) yields that

e To(Er) — (%)
T
— /0 L¢[€7at(p($[)]dt
2

1
+ / [ 00) — e g ) s dr,ay), aaw-PIT. 3)
(0, T]xE

We are going to take expectations in both sides of (3) to derive Dynkin’s formula, but,
we should first discuss if the expectations are well defined, as shown below.
Since ¢ € BIC | (E), it is clear that [p(x)| < [|@lly,wo(x) for all x € E, and

wo, w1
IL?¢(x)| < ||IL?¢||% w1 (x) for any x € D¥. On the one hand, observe that (£ (w)) €
DY fora.a. w € Qand t € Ry, and so we have

L™ (& ()] = —ae 9 (@) + ¢ LY[p(& (@))], 2.0 € Q1 € Ry,

which together with Proposition 1(b) and (2) give

Ezlﬂz |:/0T ‘Ld’[e_“’(p(ft)]‘dt]

L _ _
S/O BT [ae™ llglugwo&) + e IL? 155 wi(5)]] dt

LY d
el ) Iz gonwl( s
a —Co 1
< 0. 4

On the other hand, under Assumptions 1 and 3, we have

[ [ ] etratais.a.ox @alo. o dvlo. o)
BJAJE

<toh [ [ [ [ womaariea..b)+ 20 abpuoce)]
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7l (dalw, ) (db|w, 1)
< Nl [cowo (&) + do + 2M1w1 &) |. O

Thus, by (5), Proposition 1(b) and (2), we obtain

T
12
E;T ,IT [/ e—otl
0

T
_ 12
<ol [ BT [couot@) +do + 2041 6

C d d 2M d
< ||<p||w0[ 0 (wo(x)+—°)+—°+—1(w1(x)+—l)]
a —cp co o a—C 1

< o0. (6)

f / / w(y)q(dym,a,b)n1<da|w,t>n2<db|w,r)\dt}
BJAJE

Now, taking expectation in both sides of (3), using (4) and (6) yields that
1 27 _
7 [T @)] - o)
12 r
=ET " [/ L¢[e“’<p(g,)]dt}
0

+ET [/ /(0 T][e“”w(y) - e“"’w(&—)]ﬂ(fltv dy)]

=E; ™ / Lo e (&) ]dt

(=)

+ET [ f - —“’«u(y)—go(a_)w”"”z(dr,dy)}

_ Ezl,nz / L¢ _at(p(st)]dt

En " [/ ///cp(y)q(dylét ,a, by (dalw, 7> (db|w, ;)d,]

2,
where the second equality follows from the fact that the random measure peh? g

S

a dual predictable projection of the random measure p under IP;T o . Note that, for
every w € Q, &_(w) = & (w) on (0, T] except countable many time points. Hence,

T
L2 [ f = / / / sa(y)q(dym,a,b>n1<da|w,r)nz(dmw,r)dr]
0 BJAJE
T
—E* [/ e0"///go(y)q(dy|§,,a,b)n1(da|a),t)nz(db|a),t)dt:|.
0 BJAJE

The formula then follows. O

@ Springer



Zero-sum discounted PDMGs

Remark 4 Costa et al. (2016) derive Dynkin’s formula for infinite-horizon discounted
PDMDPs, where bounded transition rate and boundary jumps are considered.

. . 1.2 . .
Now, using Dynkin’s formula, we can compare V" -7~ with the solution to some

differential inequality or equation. To begin with, we introduce the following notations:
foreachx € E, (n,y) € P(A(x)) x P(B(x)) and ¢ € By, (E),

r(x,n,w::/ / r(x, a, bn(da)y (db), %
B(x) JA®x)

/ o ()qdylx, n.7) = / / o ()q(dylx, a, byn(da)y db). (8)
E A(x) JE

B(x)
Theorem 3 (Comparison Theorem) Suppose that Assumptions 1-3 hold.

(a) If there exists a function ¢ € BYC . (E) such that

wo,wq
L?@(x) — ag(x) +r(x,n,7)

+fE¢(y)q(dy|x, n,¥) <0 Y(n,y) € P(A(x)) x P(B(x)),x € D?,

we have V"l'”2(x) <o), forall (n',7%) e I' x % and x € E.
(b) If there exists a function ¢ € BYC . (E) such that

wo, w1

L?@(x) — ag(x) +r(x,n,7)
+fE<0(y)q(dy|x, n,v) >0 VY(n,y) € P(A(x)) X P(B(x)),x € DY,

we have V"l’”2(x) > @(x), forall (n',7%) e 1" x % and x € E.

Proof (a) As in the proof of Theorem 2, we conclude that, for a.a. @ € Q with respect

1.2
to PY "™ and a.a. t € R4 with respect to Lebesgue measure, & () € D?, which
together with the condition in (a) implies that, for a.a. w € Q andt € Ry,

L (& (@) — ap(E @) + fB /A & (@), a. byr (dalo. x> (dblo. 1
+ / / / 0()q(dyl&. a, byr' (dalew. HT>(dblo. 1) <0,
BJAJE
which yields that
L[ p@n] +e [ [ r@@.a.br dalo. nrdblo.n
BJA

e /B /A /E ¢ (dylé. a, byn' (dalw, 7> (dblw, 1) < 0.
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Thus, by Theorem 2, for all (711, nz) e ! x IM? and x € E, we have

ET [T p(r)] — p(x)
T
S| /O (L1 e
e / / / (g (It a. byw' (dalo, 7> (dblo, 1) )di]
BJAJE

T
S—Efl‘ﬂz[/(; ef‘”/B/Ar(f;‘t,a,b)nl(dam,t)r[z(db|a),t)dt],

which indicates that

T
EZI’”Z[/ e*‘”/ / r(&, a, b)r (dalw, )72 (dblo, t)dt]
0 BJA
al 7% —al
<o) —EY " [e7 o)l
Letting T — oo on both sides of the above inequality, the dominated convergence
theorem yields that yr'r? x) < pX).

(b) The proof is similar to that of part (a). O

Theorem 4 Suppose Assumptions 1-3 hold. For every (7', 7%) € H}es X H%es’ yrla?

is the unique solution solution in By, , (E) to the differential equation

L?(x) — ap(x) + r(x, 7' (-]x), 72 (-]x))

+/Eso(y)q(dylx,n1(~|x),n2(-|x)) =0 VxeD’ 9)

12 .
Proof From Lemma 1, we see that V7 " € B,,,(E). Now, for each x € E, condi-
tioning on the first-jump time and the post-jump state, we have

Vﬂl,ﬂz(x)

T
=E§l’”2[/ le_m//r(éz,a,b)ﬂl(daléz)ﬂz(dblét)dt}
0 BJA

+1E;’"”2[e”' / em(=T) / / r(s,,a,b)n‘<da|s,_>n2(db|s,_>dt}
T BJA
- / BT T s (b, 1), 7 (b Cx 0, 721 Gx, D))t
0
+]En1,n2 |:eozT|]Enl,n2|:/ooea(tT|)
X X Tl
<[ [ e amm aate saavi Ja x|
BJA
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o 't 1 2
/ e~ =Jo 4@ (x.v). ! (1 (x,0)).7° (1 (x,v)dv
0

x[r@ 0, 7 Clp e ), 72 (g e 0)
+ f VT (3)g(dylg (e 0,7 (g (e 0), 720 () |dr. - (10)
EN{p(x,0}

For all s € R4, replacing x with ¢ (x, s) in (10), we obtain

1.2
VT (@(x, 8)
o0
- / e~ = Jo 4@ v+). 7! (1 (x,140). 7% (1 (x,14v))dv
0

x[r@@,t+5), 7' Clp(x, 1 +5)), T2 Clp(x, 1 +5)))

+ / v (y)
E\{¢(x,t+5)}

}q(dylp(x, 1 +5), ' Clpx, 1 +9), T Clo (et +5))]dr. (1)
Now, changing the integral variable ¢ to u with u = ¢t 4+ s in the R.H.S. of (11), and

then multiplying by e~ Jo @+a(@(x.v).7! (19 (x.v).7> (19 X))V i hoth sides of (11), we
find that

e Jo@ra@C ). Clp ). Clgodvy a0 o))
- /oo o= Jo @+a(@ (0.7 Clp(x,v), 72 Clp (. v))dv
s
X[r(d)(x,u),nl(-ld)(x,u)),nz(-lqﬁ(x,u)))
7l 72 1 2
+/ VET gdylg (e, u), w (b (x, u)), (-|¢(x,u)))]du,
E\{g(x,0)}

which shows that V77 (¢ (x, 5)) is absolutely continuous in s € R, and thus, is dif-
ferentiable almosteverywhere on Ry . Therefore, differentiating both sides of the above

equality with respect to s, and then dividing by e~ Jo (g (@ (x.v).7 (16 (x,)). 7% (1 (x.v))dv
both sides of the resulting equality yields

LOVT T (g (x, 5)) — aVT T (g (x, ) + r((x, 5). T Clp (. 5)), 21 (x, 5)))
+/EV”"”Z(y>q<dy|¢(x,s),nl(-|¢(x,s)),

PG ) =0 Vs € Zy 1 o).
This implies that
LAV () — VT () 4 (e, (), 72 ()
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+/E v (g (dylx, 7 (lx), 72 1x)) = 0,

TTl 7'[2 . .
forallx € DV" ™ . Thatis, V™7 satisfies (9).
To show that V™7 isin B, .w, (E), itremains to verify that || Leyr'w? %, < oo.
Indeed, by (9) and Assumptions 1-3, a simple calculation gives that

My

d 7'[1.7'[2
LAV 01 = [ T o+ do +2M) o+ MoJwi(ovx € DY

L 12 e .
which indicates that || L? V™ - %, < oo.Now, if ¢ is another solution in BY} ., (E)

to equation (9), by Theorem 3, we must have ¢ = V7 7% The proof is achieved. O

4 Main results
4.1 Shapley equation and saddle points

In this subsection, we prove that the game has the value function V* satisfying the
associated Shapley equation and a saddle point exists.
To proceed, we introduce a set of continuity assumptions.

Assumption 4 Let x € E be arbitrary.

(a) The payoff rate r(x, a, b) is continuous in (a, b) € A(x) x B(x);

(b) The function g(D|x, a, b) is continuous in (a, b) € A(x) x B(x) forevery D €
B(E);

(¢) The function fE wo(y)q(dylx, a, b) is continuous in (a, b) € A(x) x B(x).

Moreover, let m(x) be a measurable function on E such that m(x) > ¢*(x) + 1,
and

_ q(Dlx,a,b)

Q(D|x,a,b) : o)

+8)(D) ¥(x,a,b) € K and D € B(E).

Clearly, Q(-|x, a, b) is a stochastic kernel on E given K.

Lemma2 (a) P(A(-)) and P(B(-)) are measurable compact-valued multi-functions
from E to (P (A)) and & (P (B)), respectively;

(b) Under Assumptions 2(b) and 4(a), r(x,n, y) defined by (7) is continuous in
(n,y) € P(A(x)) x P(B(x)) with respect to the weak topology for each x € E;

(c) SupposeAssumptions I(a), 3(a), 4(b) and4(c) hold. For every function ¢ in B, (E)
and x € E, [ o(y)Q(dy|x,n,y) and [ ¢9(y)q(dylx,n,y) defined by (8) are
continuous in (n,y) € P(A(x)) x P(B(x)) with respect to the weak topology.

Proof (a) When the model of PDMG is introduced, we have assumed that A(-) and
B(-) are measurable compact-valued multi-functions from E to &?(A) and Z(B),
respectively. Then, the result follows from Lemma 1.11 in Nowak (1984).
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(b) For each fixed x € E, Assumptions 2(b) and 4(a) implies that r(x, a, b) is a
bounded continuous function on A(x) x B(x). Hence, for any sequence (17, )
weakly convergingto (1, y)in P(A(x)) x P(B(x)), wehaver(x, n,, y») converge
to r(x, n, y), which means that r(x, , y) is continuous in (1, y) € P(A(x)) x
P(B(x)).

(c) For each x € E, Assumption 4(c) implies that f P O(dylx,a,b) is con-
tinuous in (a,b) € A(x) x B(x) for every bounded measurable function ¢ on
E, while Assumption 4(c) implies that f £ wo(y)Q(dy|x, a, b) is continuous in
(a,b) € A(x) x B(x). Using this fact and a similar argument as in the proof
of Lemma 8.3.7 in Herndndez-Lerma and Lasserre (1999), we can prove that
fE ©(y)Q(dy|x,a,b) is continuous in (a,b) € A(x) x B(x) for every ¢ in
Bu,(E), and sois [ ¢(y)g(dylx,a,b).

For each fixed x € E, Assumptions 1(a) and 3(a) as well as what we have
proved above imply that [ ¢(y) Q(dyl|x, a, b) and [, ¢(y)q(dy|x, a, b) are bounded
continuous function on A(x) x B(x). Hence, for any sequence (n,, y,) weakly
converging to (1, y) in P(A(x)) x P(B(x)), we have fE o) OWy|x, nn, Yn) —
JeeMOW@ylx,n,y) and [ o(V)q(dylx, nn, va) = [p@()q(dylx,n,y), com-
pleting the proof. O

For a function ¢ in By, (E), we define a dynamic programming operator H as
below:

oo s
Ho(x) = / e fim@eandy g inf [r@ ). my)
0 neP(A($(x,5))) Y EP(B(P(x.5))) [

+m(¢>(x,S))/E<p(y)Q(dy|¢(x,S),n,V)]ds, x€ekE.

In general, the function

e s o) 40 [ )0k )]
neP(A(x)) YEP(B(x)) E

need not be measurable. However, under those conditions in Lemma 2, by Fan’s
minimax theorem in Fan (1953) and Lemma 4.1 in Nowak (1984), it is the case and
thus the operator H is well defined.

Now, for each n = 0,1,... and x € E, we recursively define a sequence of
functions as follows: ¥,+1(x) := H,(x), where the initial function v is defined
by

o — Cp wolx) = ala —cp)’

Yo(x) = —

. .. . . . 1
The choice of ¥ is inspired by Lemma 1, i.e., ¥ is the lower bound of V™ -7 2 Note
that H need not be a contraction operator due to the unbounded transition rate, and so
the convergence of {,,} may be sensitive to the choice of .

Theorem 5 Suppose that Assumptions 1, 2, 3(a) and 4 are satisfied.
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(a) The sequence {,} is increasing in n, and the limit Yoo 1= lim ¥, is in By, (E).
n—oo

(b) The function VY in (a) satisfies the equation Yoo = H VY.
(c) The function Y in (a) is in B4 (E) and verifies the following Shapley equa-
tion:

wo, w1

L?¢(x) — ag(x)

+ sup it [reen, y)+/ 0(a(ylx, . v) | =0 Vx € DA2)
neP(A(x)) YEP(B(x)) E

Proof (a) To prove the monotonicity of the sequence {1, }, we first show that {1 > .
Indeed, under Assumptions 1, and 2, for every x € E, a direct calculation gives

Y1 (x)
o0 )
> —/ e~ We Jo m@Ev)dv sup inf [M0w0(¢(x,s))
0 neP(A(¢(x,s))) YEP(B(@(x.5)))
doM
m@ ) [ (ST w0 + oS ) 0@ ). n. ) Jds
(o — co)

N _/ .y 7f0 mg x, v))d”[Mowo(¢(x $))

0

Moy
+——"—(cowo(@ (x. 9)) + do +m(@ (x, Nwo (@ (x, 5)))
o — Co

doM,
+m(g(x, s))ﬁ]ds

00
- _/ e e —fo m(¢(x,v))dv [Mow()(x)
0

M
420 (cowo(x) +do +m($(x, S))wo(x)) T+ mb(x, s))—]
R (o — co)
= —foo e e~ Jo m(¢(x,v)>du[0‘Mowo(x) N Modo
0 a —Co o — Co
MOwO(x) d()MO
+< o —Co * ol — CO))m(¢(x, s))]ds
_ _(Mowo(x) + doMy )/00 e‘f(f(a+m(¢(x,u)))dv(a 4 me(x, S)))ds
o —Co C((C( — Co)
— (MOwO(x) doMy )
B o —Co a(a — cp)
= Yo(x).

Thus, the monotonicity of the operator H yields
Un+1 = H"Y1 > H" o = Yy ¥n > 1,

which implies the monotonicity of the sequence {v,}, and thus the existence of
the point-wise limit ¥,. Moreover, by a similar calculation as in the proof of
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Y1 > Yo and an induction argument, one can show that

doMy
——Vxe E,n>0,
a(o — cp)

[Vn(xX)| <

My
wo(x) +
o — o

and so is Yo, which indicates that Yoo € By, (E).

(b) On the one hand, by the monotonicity of H, we have that ¥,,+1 = HY, < H{
for all n > 0. Hence, /oo < H¥ 0. On the other hand, for every fixed x € E and
any n € P(A(x)), itis clear that

sop it [rixony) +m) [ vt ]

neP(A(x)) Y EP(BX)

= _inf [r(x,n,y)+m(x>wan(y)Q(dy|x,w)]. (13)

T yeP(BW)

By Lemma 2, for each n > 0, there exists y,, € P(B(x)) such that

inf [r(x,n, 7/)+m(x)/El//n(y)Q(dY|X,77, V)]

yeP(B(x))

R +m<x)/Ewn<y)Q(dy|x,n, i) (14)

Note that P(B(x)) is compact with respect to the weak topology, there is a sub-
sequence {yy,,!/ > 0} of {y,,n > 0} such that y,, weakly converges to some
y* € P(B(x)). Hence, it follows from Lemma 2(b) that

lim r(x, 0, yn,) = r(x, n, y®). (15)
[—00

Furthermore,

| [ reasisnm = [ vmoasisny

< (wan,(y)Q(dylx,n, Vn[)_/];Woo(y)Q(dyMsrl»Vm)

+)/Et/foo(y)Q(dy|x,n,yn1)—/El/foo(y)Q(dylx,n,V*)
< [ (4o = ¥ ) Q.1 70
E

+)/Ewoo(y>Q<dy|x,n,ynl>—fEx/foo@)Q(dwx,n,y*). (16)

Note that (oo — ;) are non-increasing in /. Under Assumption 4, using Theorem
A. 1.5 in Biuerle and Rieder (2011) and the dominated convergence theorem, we
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conclude that

jim [ (o) = ¥ (0) Qe . 1)
- JE

< Jimsup [ [ (o) = v (0) @0yl . )

[=0peB(x)

= supfim [ [ (o) = v ) Qi . )|

beB(x) =

— sup [ [ fim (o) = v ) Qi 1. )|

beB(x) [—o0

=0. a7

Moreover, since Yo is in By, (E), it follows from Lemma 2(c) that

lglgo‘/E%o(y)Q(dylx,m Vn,)—/Elﬁoo(y)Q(dny,n,)/*) =0. (18)

Now, using (16)-(18), we have

ll_i)IgO/EWn,(y)Q(dylxan,Vn,) Z/E%o(y)Q(dyILm Y. 19)

Hence, it follows from (14), (15) and (19) that

lim  inf [r(x,n, y)+m(x)/;21//n,(y)Q(dy|x»77»V)]

100 yeP(B(x))

= tim [rGc )+ m) [ )01z )]

=r(x,77,y*)—i—m(x)/Ewoo(y)Q(dylx,n, v, (20)

which together with (13) gives that
fim swp ot i)+ m) [ 0000y, y)]
E

[—o00 neP(A(x)) yeP(B(x))

> lim  inf [r(x,r], y)+m(x)wan,(y)Q(dy|x,n,y)]

T I—>ooyeP(B(x))

=r(x,n,y*) +mx) /E Voo () Qdylx, 1, ¥™)

> inf [r<x,n,y>+m(x>/El/foo<y)Q<dy|x,w)].

T yeP(B()
2n
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Hence, using the arbitrariness of  and (21), we obtain

fim sup it e+ [ v 010yl y)]

[— 00 neP(A(x)) yeP(B(x))

> sup inf [r(x, n,y)+ m(x)/ Yoo () OWdy|x, 1, y)] Vx €R)
neP(A(x)) YEP(B(Xx)) E

Thus, using the dominated convergence theorem and (22), we have

Yoo (X)
= lim Hyry, (x)
[— o0
o0 S
= lim o~ o= Jo m@(x.v)dv sup - [r(qb(x,s),n, i
=00 Jo NEP(A((x,5))) ¥ EP(B($(x.5)))

+m(¢(x,S))/Ewnl(y)Q(dquﬁ(x,SL R V)]ds

o s
= / e o= Jom@G)dv i sup inf [r(qj(x’ 97
0 [=>00 pe P(A($(x,s))) YEP(B(9(x,5)))

+m(¢(x,S))/Ewnl(y)Q(dquﬁ(x,S), R V)]ds

o0 S
> / efase*fo m(¢p(x,v))dv sup inf [V(¢(X, ).y
0 neP(A(g(x,s))) Y EP(B(P(x.5)))

+’n(¢(x,S))/E%o(y)Q(dy|¢>(x,S), 1, J/)]ds Vx € E,

which gives the reverse inequality Yoo > HVY. This leads to that Yoo = H 0.
(c) Clearly, forevery x € E and r € Ry, we see that

VYoo P (x,1))
_ /OO e—ase—f(fm(qb(x,v-ﬁ—t))dv
0

x sup i [r@Gos +0.0,7)
neP(A($(x,5+1)) ¥ EP(BPx,5+1))

+m(¢(x,s+t>)waoo(y>Q(dy|¢<x,s+r),n,y>]ds, ¥ eE,

which is equivalent to that

e fptam @Dy (x, 1)

o0 'S
= / e~ hferm@Gandy sup inf e )0 v)
! neP(A($(x,s))) YEP(B(d(x,5)))

+m(¢>(x7S))_/Elﬁoo(y)Q(dyI¢(x,S),77, V)]ds, x €E. (23)
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This equality shows that ¥ (¢(x, t)) is absolutely continuous in ¢t € R4, and
thus, is differentiable almost everywhere on R, which indicates that 1/« is in
B, (E).

w
Forx € Eandt € R, differentiating both sides of (23) with respect to z eventually
leads to

LPWoo(x) — oo (x)

+ sup o inf [V(x’ n,7) +/ Voo (¥)q(dylx. n, 7/)] =0Vx € DV,
neP(A(x)) YEP(B(x)) E

which in turn implies that L Yoo ||f;fl < 00. The proof is complete. O
We are now ready to state our main results.
Theorem 6 Under Assumptions 1-3 and 4, the following assertions hold.

(a) The game has the value function V*(x) as the unique solution in By ., (E) to
the Shapley equation

LPV*(x) — aV*(x) +

sup inf [r(x, n.¥) +f V*(»aq(dylx, n, y)] =0 vxeD".
neP(A(x)) YEP(B(X)) E

(b) There exists a pair of policies (7', #2) € H}QS X I'I%,S such that

sup inf [r(x,n, )/)+/ V*(y)qdylx, n, y)]
neP(A(x)) YEP(B(x)) E

=r(x,ﬁ1<-|x>,ﬁ2(-|x)>+[5V*(y)q(dy|x,:%1<~|x),frz(-m)

— ; Al * Al
_yefl’r(llg(x)) [r(x,n (Ix),)/)+/EV Mq(dylx, 7 (IX),V)]

sup [rern 7200 + [ Vi g@ytr . 726
neP(A(x)) E

for all x € E, and such a pair of policies (&', #%) € Tk x H%es is a saddle
point.

Proof For each x € E, by Lemma 2, P(A(x)) and P(B(x)) is compact, and the
function

(0. 7) > r(xn. ) +fEl//oo<y>q<dy|x, ) 24)

is continuous on P(A(x)) x P(B(x)) with respect to the weak topology. Moreover,
(24) is linear in (n, y) € P(A(x)) x P(B(x)). Thus, using Fan’s minimax theorem
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in Fan (1953), we obtain

sup int [ronn) + [ deta@iron )]
neP(A(x)) Y EP(BXx)) E

= inf sup [r(x,n,y)+f woo(y)q(dylx,n,y)] Vx € E.
yEP(B(xX)) e P(A(x)) E

Now, by Lemma 2 above and Lemma 4.1 in Nowak (1984), there exists a pair of
policies (7!, #2) e H}es X H%es such that

sup inf [r(x,n, y)+/Ewoo(y)q(dy|x,n, y)]

neP(A(x)) YEP(B(X))

= i ~1 . 1 .
=t [ w0 + [ vsiatin .| ve e £,

and

nf s [reony)+ [ noaien )]
YEP(BMX)) neP(A(x)) E

= sup [r(x,n,ﬁz(-lx))Jr/ woo(y)q(dylx,n,ﬁZCIx))] Vx € E,
neP(Ax)) E

which implies that

i f o0 d £ £
ne;?f(x))ydy(lmx)) [r(x,n, y>+[Ew (»)g(dylx,n J/)]
= r(x, 7 ¢, A2 C)) +/Ewoo(y>q<dy|x,ﬁl(-|x),fr2<-|x>> Vx € E.

Therefore, since the function ¥, satisfies Shapley equation (12) by Theorem 5, we
have

LYoo (x) — oo (x) + 7 (x, #1(-1x), #2(-]x))
+ /E Voo Mg dylx, 7' (|x), #2(-]x)) = 0, (25)

¢ — i L
L) —ofoc )+ _int [r(x. 7' (1), )

+ fE Yoo (@ylx, 7' (1x), )| =0, 26)

Lo (x) — afoc(x) +  sup | r(x, n, #%(-]x))

neP(Ax)) [

+ /E Yoo Mg (dylx, n, #2(-1x)) | = 0, (27)
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for every x € DV, Using Theorem 4 and (25), we have ¥ = yila, Using
Theorem 3(b) and (26), we have ¥, < Vﬁl’”2 for every 7% e 2. Using Theorem
3(a) and (27), we have V7* Ll < Vo for every 71 e L. These three facts show that

v ) < vy < v TP g vrl el et x e E, (28)

which implies that the pair of policies (7!, #2) € k¢ x % is a saddle point, and
thus V* = ¥ is the value of the game. Hence, part (a) and part (b) follow. O

Remark 5 From Theorem 6, one can see that the max-min points of the mapping
M y) > r(x,ny)+ f V*(»adylx,n. )
E

over P(A(x)) x P(B(x)) for all x € E, denoted by (7'(:|x), #2(-|x)), constitute a
saddle point. It has a very simple form, which depends only on the current state and
can be applied at any time.

4.2 How to compute a saddle point

Although Theorem 6 shows the existence of a saddle point, how to compute a saddle
point in practice is still a difficult task. There are two problems on this issue. The first
one is how to compute the value function V*(x). The second one is how to solve the
static game

sup inf [”(X,U,V)—l—/ V*(y)q(dy|x,r),y)].
neP(A(x)) YEP(B(X)) E

Fortunately, Theorem 5 proposes a value iteration algorithm to compute the value
function V*(x), and Sect. 2.4.2 in Barron (2013) provides a linear program formulation
to solve the static game. Below, we propose a potential algorithm to compute a saddle
point.

Algorithm for saddle point:

Step 1. Specify an accuracy € > 0, and set n = 0. Let

Yo(x) := —

o — o B a(a — cp)
Step 2. For each x € E, carry out the linear program:

LP1: max V(x),
17,V (x)

st r(,n b)) +mx) [ ¥a(y)Qdylx,n,b) = V(x) Vb e B(x),
n € P(A(x)).
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One of the outputs of LP is the value V (x) of the static game

sip  inf [r(x,n,w+m<x)/Ewn<y>Q(dy|x,n,y>].

neP(A(x)) YEP(B(X))

Step 3. For each x € E, compute

oo .
Ynil = / = JoCrm@@oMdvy (g (x s))ds.
0

Step 4. If |Y,41(x) — ¥, (x)] < € for every x € E, go to Step 5. Otherwise,
increment n by 1 and return to Step 2.
Step 5. For each x € E, carry out the two linear programs:

LP2: max V(x),
n,V(x)

st. r(,nb) + [p Yar1(0)g(dylx, n,b) = V(x) Vb e B(x),

n € P(A(x)).
and

LP3: min W(x),
Y. W(x)

st. r(x,a, )+ [ Vnr1(0g(dylx,a,y) < W(x) Va € A(x),

y € P(B(x)).

Denote by (V(x) I X)) the solution of LP2 and by (W(x) 72(-|x)) the solution
of LP3. Then, V(x) W(x) and (7 1(- [x)), 7 72( |x))) are the value and a saddle point
of the static game

swp inf[reen, y>+/ Va1 gyl n. )| x € E.
neP(Ax)) ¥EP(B(X) E

respectively.

Since ¥,4+1 ~ V*, by Theorem 6, we can expect that (7', 72) obtained in Step 5
above is a near saddle point for the original PDMGs.

It should be noted that it is very difficult to implement the algorithm since the state
space and the action spaces are all uncountable.

5 Example

In this section, we provide an example wherein all the assumptions in this paper are
fulfilled.
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Example1 Let E = (0, 00), A(x) = [—x — 1, —x], and B(x) = [0, gx] for each
x € E. Suppose that the flow ¢ (x, t) = xe™’, the payoff rate r (x, a, b) = %C +a+b
for each (x, a, b) € K and ¢t € Ry. The transition rates are given by

1
Dl|x,a,b) = x~|—a+b+1[f
q( | ) ( ) D\{x}x—i-a—f—b—i—l

VY(x,a,b) € K,D € HA(E).

Note that, starting from any state x € E, the flow never touches the boundary of E,
say, {0}. Moreover, it is obvious that the multi-functions A(-) and B(-) are compact-
valued. Also, we can verify that the inverses A~ (0) ;== {x e E: Ax)N O =0}
A(E) and B~1(0) € H(E) for every open interval O in R, which together with the
fact that any open set in R can be represented by countable union of open intervals,
A71(0) € B(E) and B~1(0) € A(E) for every open set O in R. This means that
the multi-functions A(-) and B(-) are measurable.

Now, we verify that all the assumptions in this paper are satisfied. To do so, take
wo(x) =x+ 1, wi(x) = x2+1,and E,, = [0, m] forall x € E and m > 1. Then, it
is clear that wo(¢ (x, 1)) < wo(x), wi(P(x,1)) < wi(x), Em T E, sup,cg, ¢ (x) =
NG

5em + 1 < 00, limy, o0 infy¢ g, wo(x) = 00, |r(x,a, b)| < %C + 1 < wp(x), and

(1 +q(x,a,b))w0(x) < (%Ex +2)(x +1) <3wi(x) V(x,a,b) € K.

This indicates that Assumptions 1(b), 1(c), 2(b), 3(a) and 3(c) are fulfilled.
Regarding Assumption 1(a), for all (x, a, b) € K,

2
f wo(y)q(@dylx, a,b) < (x +a+b+ 1)[(%— — Dx+ 1)].
E
Ifx < 24+/2, then (%2 — )x+1 > 0, and thus, (x+a+b+1)[(§—1)x+1)] <
(Lx + 1)[(%E —Dx+ 1)] < wo(x). Ifx > 2+ /2, then (%2 — Dx + 1 < 0, and

thus, (x +a + b+ 1)[(*/72 —Dx+ 1)] < 0 < wp(x). This means that, in either case,
Assumption 1(a) is fulfilled with co = 1 and dy = 0.
Regarding Assumption 3(b), for all (x, a, b) € K, we have

/Ewl(m(dyu,a,b)

=(x+a+b+1)[2(x+a+b+1)2—x2]

< (§x + 1)[2(§x +1? - 2]

< (“/;x + 1)(2V2x +2)

@ Springer



Zero-sum discounted PDMGs

<4dwi(x)+2,

which implies that Assumption 3(b) is satisfied with ¢; = 4 and d; = 2. Hence, if
we take @ > 4, the requirements on the discount factor in Assumptions 2(a) and 3 are
both fulfilled.

Finally, Assumption 4 is obviously true for the data in this example.

Therefore, by Theorem 6, there is a saddle point for this game model.
Acknowledgements This research was supported in part by the National Natural Science Foundation of
China (11931018), the National Key Research and Development Program of China (2022YFA1004600),
the University of Macau (MYRG2019-00031-FBA), and Guangdong Basic and Applied Basic Research

Foundation. The authors are grateful to the two reviewers and the associate editor for their careful reading
and many constructive suggestions that have improved this paper.

6 Appendix: Proof of Proposition 1

In fact, we extend the previous results (Guo and Song 2011, Theorem 3.1) for CTMDPs
and (Huang and Guo 2019, Proposition 3.1) for PDMDPs to the case of PDMGs.
Thus, the proof of Proposition 1 proceeds in a similar way. Since Assumption 1 in this
paper slightly differs from Assumption 3.1 in Huang and Guo (2019), the proofs are
accordingly adjusted. First, we provide two lemmas.

Lemma 3 Let some function w > 0 on E, and some signed kernel g(dy|x,u) on E
given E x Ry satisfy the following conditions: (i) g(E|x,u) = 0; g(D|x,u) > 0
o u) ¢ D; glx,u) == G(E\{p(x,u)}lx,u) < 00; (ii) [ q(dylx, )w(y) <
cw(p(x,u))+d, whereu > 0, c > 0andd > 0are some constants; (iii) w(¢ (x, 1)) <
w(x) forall x € E andt € Ry. Then the function

d
W(s,x) :=e“wkx)+—(“—1), se R, x€E, (29)
¢

satisfies the following inequality
S _ s -
/ / e~ 0 AEVIG Gy x, u)W(s — u, y)du + e o Ty g (x, 5))
0 JE\{$p(x.u)}
< W(s,x)
foralls € Ry and x € E.
Proof Using the conditions in this lemma, it is easy to verify that
N . d
/ / e Jo aevdvg(dy)x, u)[e"(x_”)w(y) + —(efH — 1)]du
0 JE\{p(x,u)} ¢
e Joaw Dy g (1, 5))

< [ e Do () +d + G 0w )
0
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+é(ec<s—“> — Dg(x, u)]du el aCvdvy, () 5))
C

< f e~ Jo aGxv)dv [ec(‘v_”) (cw(x) +d+q(x, u)u)(x))
0

d
+5 T - D, u)]du

+e—fg Gxvdvy,

= (wer + %) / ety (g

+w(x) /5 ec(s—u)d( e fg‘é(x,v)dv)
0

+€ [s <ec(5—u) _ 1)d< _ e—foué(x,v)a'v) +e i ci(x,v)de(x)
¢ Jo

_ (w(x) + ﬂ) [ecs . eff(fc}(x,v)dv _ /s ec(sfu)d< _ eff(;‘z}(x,v)dv):l
c 0
d s (s— _qu d d s d
+(w(x) + _) G u)d( —e Jo q(x.v) v) + —(6 Jo a(x.v)dv _ 1)
Cc 0 Cc
+e—f05 Gxvdvy,

d
=e“wkx)+ —(“ —-1)
c
= W(s, x),

where the first and second inequalities follow from conditions (ii) and (iii), respectively.
O

Lemma4 Let Assumption 1(a) and Assumption 1(c) be fulfilled. Then, for each
(wl,7?)en! xM% x € E,andm =0, 1,2, ...,
P cot do cot
ET ™ [wo€) 1<,y ] < €©wolx) + 5(6 —1) Vt € Ry.
Proof The proof is similar to that of (Huang and Guo 2019, Lemma A.2) for PDMDPs.

We omit it to save space. O

Proof of Proposition 1 Based on Lemma 4 and Assumption 1, the proof of Proposition
1 can be proceeded in a similar way to that of (Guo and Song 2011, Theorem 3.1) for
CTMDPs and that of (Huang and Guo 2019, Proposition 3.1) for PDMDPs. However,
we omit the proof to save space. O
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