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Abstract We study the moment-generating functions (MGF) for linear
eigenvalue statistics of Jacobi unitary, symplectic and orthogonal ensembles.
By expressing the MGF as Fredholm determinants of kernels of finite rank,
we show that the mean and variance of the suitably scaled linear statistics in
these Jacobi ensembles are related to the sine kernel in the bulk of the spec-
trum, whereas they are related to the Bessel kernel at the (hard) edge of the
spectrum. The relation between the Jacobi symplectic/orthogonal ensemble
(JSE/JOE) and the Jacobi unitary ensemble (JUE) is also established.
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1 Introduction

In random matrix theory (RMT), the joint probability density function for
the (real) eigenvalues {x;}}_, of N x N Hermitian matrices from a matrix
ensemble is given by [19]
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N

1

P](Vﬁ)(xl,xg,...,:vN):E H |$j—$k|BHw($j), (1)
j=1

1<j<k<N
where § = 1,2 and 4 (the Dyson index) correspond to the orthogonal, unitary
and symplectic ensembles respectively, w(z) is a weight function and Zp is
a normalization constant. If w(x) = e_””27 z € R and w(z) = z%™*, z €
RT o > —1, these are the Gaussian -ensembles (GSE) and Laguerre (-
ensembles (LAE). See also [29] on the relation between orthogonal, symplectic
and unitary ensembles.

Linear statistics is an important research object in RMT and has various
applications; see, e.g., [2, [5 [6] [7, 8, @, 13, 16, 18] 28]. In previous works [21]
22, the authors studied the large N asymptotics for the moment-generating
functions (MGF) of the suitably scaled linear statistics in GSE and LSE,
from which the mean and variance of the linear statistics are derived. In the
present paper, we focus on the problem in Jacobi S-ensembles (JSE). In this
case, the weight function is w(z) = (1 — 2)*(1 + 2)®, z € [-1,1], a,b > —1.

The MGF of the linear statistics Zjvzl F(z;) in JBE is given by the math-
ematical expectation with respect to the joint probability density function

@,

)

N — T
E (eﬂzjilF(zj)) — Joryy Thigyapen 125 = vy’ [Ty w(wy)e ") da;

N
f[fl,l]N H1§j<k§N |z — $k|ﬂ Hj:l w(z;)dz;
(2)
where X is a parameter and F(-) is a sufficiently well-behaved function to
make the integral well-defined. Similarly as in [21, 22], we write the right-
hand side of (2) in the form

Sy Thijenen o — 2l TS wiay) (1 + f(ay)) de

GV () =
f[—l,l]N H1§j<k§N |z — xk|ﬁ Hj:l w(z;)dz;

)

where

flx) = e M@ —1. (4)

The denominator in (2)) or (B]) is known as Selberg’s integral, which has closed
form expression [19, (17.6.1)]. We are interested in the large N asymptotics
of the MGF. It is well known that the distributions of linear statistics in
random matrix ensembles are Gaussian; see, e.g., [8, 24].

We first consider the 8 = 2 case, which is the simplest among the three
cases. From the well-known result of Tracy and Widom [27] by expressing
GS\?) (f) as a Fredholm determinant, we obtain its large N asymptotics. With
the relation of f(x) and F(z), we compute the mean and variance of linear
statistics Zjvzl F(x;) in the bulk of the spectrum and at the edge respectively.
It can be seen that in the bulk of the spectrum the results are related to the
sine kernel, while at the edge they are related to the Bessel kernel. The mean
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and variance of the linear statistics in unitary ensembles have been studied
a lot; see, e.g., [, [4 [7, 20]. So the mean and variance in the § = 2 case can
also be obtained by using other approaches. Our main goal of this paper is
to obtain the mean and variance in the 5 = 4 and 8 = 1 cases for Jacobi
ensembles. We show the results of the 5 = 2 case for reference and apply the
method to the § =4 and 8 =1 cases.

For the 8 = 4 case, we apply the previous results for general weight func-
tions in [21] 22] to the Jacobi weight. By making use of the skew orthogonal

polynomials for the Jacobi weight [I], we express G%)( f) as a Fredholm de-
terminant involving the Christoffel-Darboux kernel. The large N asymptotics
of Ggé) (f) is derived by using the trace-log expansions. The mean and vari-
ance of the scaled linear statistics Ejvzl F(z;) then follows and the relation
between the § = 4 case and § = 2 case is built.

The 8 = 1 case is more difficult to deal with, and we only consider the
case when N is even. Usually in this situation the weight is taken to be the
square root of the weight considered in the § = 2 case, so we let w(z) =
(1 —2)*2(1 +2)2, x € [-1,1], a,b > —2. The following development is
similar to the 8 = 4 case, but with more complicated computations. Finally
we obtain the mean and variance of the scaled linear statistics Zjvzl F(z;)
and establish the relation between the 8 = 1 case and 3 = 2 case. Note that
as in the 8 = 2 case we also consider the 8 = 4 and 8 = 1 cases in the bulk of
the spectrum and at the edge, and the results are related to the sine kernel
and Bessel kernel, respectively.

We would like to point out that in this paper some calculations on the
asymptotics are heuristic. To be specific, we always substitute the asymptotic
expressions of the traces into the trace-log expansions for the MGF and do
not care much about the error terms. So the error estimates in the asymptotic
analysis should be made more precisely, such as the errors in the mean and
variance formulas of the scaled linear statistics obtained in the following
sections.

2 Jacobi Unitary Ensemble (JUE)

In this section, we consider the 8 = 2 case, which is the simplest case and
provides a comparison to the § =4 and 5 = 1 cases.

2.1 Finite N Case for the MGF in JUE

Recall that the weight function is w(z) = (1 —2)*(1+2)°, = € [-1,1], a,b >
—1. Let {p;(z)}52, be the sequence obtained by orthonormalizing the se-
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quence {z7(1 — 2)*?(1 + x)*/?} in L?*[—1,1] and

N—-1
EQ(xy) =Y ¢;(@)p;y). (5)
j=0
In fact,
1 a,b a
#i(2) = ——==P;"" () (1 = )2 (1 + 2)"/%,
h®

J

where Pj(a’b)(:v) is the Jacobi polynomial of degree j with the orthogonality
[15, 25]

1
a,b a,b a a,b .
/_1 Pj( )(,T)P]i )(:C)(l —2)"(1 + 2)’dx = h; )5]-;@, Jk=0,1,2,...
and

p(ab) 20t (i a+ D)+ b+ 1)

i 2 +ta+b+ D) (j+a+b+1)

Tracy and Widom [27] proved that Gg\?) (f) can be expressed as a Fredholm
determinant

G (f) = det (T+ KQf)

where K](\?) is the operator on L?[—1,1] with kernel K](\?)(x, y) given by (@),
and f denotes the operator of multiplication by f. In addition, it is well
known that

log det (I + K](\?)f) = Trlog (I + Kz(vg)f)

:I&«K}@’f—%I&.«(Kﬁ>f)2+%ﬁ(1<§3>f)3—---. (6)

This formula will help us to analyze the large N asymptotics of Gg\?)( f) in
the following subsections.

2.2 Scaling in the Bulk of the Spectrum in JUE

In this subsection, we study the large N asymptotics of Gg\z,) (f) in the bulk of
the spectrum for the JUE, and obtain the mean and variance of the suitably
scaled linear statistics. We state a theorem before our discussion.

Theorem 1 For xz,y € R, we have as N — oo,

1 @/(T Y\ _ . 1
K (50 5) = Keinelay) + OV,
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where Kgne(x,y) is the sine kernel defined by
sin(x — y)
Ksin ) =5 7
e(7,9) " pe— (7)
The error term is uniform for x and y in compact subsets of R.

Proof By using the Christoffel-Darboux formula, we have
IF(N+1)I(N+a+b+1)
202N +a+ 0) (N +a)['(N +b)
a,b (a,b a,b) a,b
L A @PE ) - P @ P )
r—y
X (L=a)"?(142)"2(1 = y)**(1 4 y)"/%. (8)

K¢ (,y) =

Taking advantage of the large n asymptotic formula of the Jacobi polynomials
[25] p. 196]

—_a—41 _p—1
1 0 2 0 2
(a;b) - (sin= Z
P\*% (cos ) N <sm 2> <cos 2>
X COS Kn—i— L;HJ) 6 — g <a+ %)] +0(n=3/%), (9)

where 0 < § < m, we find that K](\?)(cos 0, cos ¢) equals

20+5(2N + a4+ b)I'(N 4+ a)'(N + b)(cos 6 — cos ¢) | m1/N(N — 1)sinfsin ¢

O I (= R
oo o (0o )

O(N2)}, 0<0, ¢p<m.

IF(N+1)I(N+a+b+1) { ga+b+1

The above error terms are uniform for 6 and ¢ in compact subsets of (0, 7).
Note that the expression in the square brackets [---] can be written in the
form

2{005((N+a+b)9—g(a—i—%))sin((N—}—a—i_b)(;s_f (a—i-%))cosgsin%
_sin<<N+a;b>9—g(a+%>>cos((N+a+b)¢——< +%)>singcos§}.

Replacing cosf and cos¢ by z/N and y/N respectively and taking a large
N limit, we establish the theorem with the aid of Stirling’s formula. See also
12, 23]. O
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Remark 1 When z =y, we have as N — oo,

1 @2 (T T\ _ _ 1
NKN (N,N) _Kslne(xux)+O(N )7

where 1
Ksin ; = -
o(z, ) -

The error term is uniform for x in compact subsets of R.

Using Theorem [T we compute (@) term by term as N — oo, and we change
f(z) to f(Nz) in the computations. The first term is

1
TrKJ(\?)f:/ K](\?)(x,x)f(N:r)da:
-1

= /ij %KJ(\?) (%,%) f(x)dx

= /OO Kaine(, ) f(2)dx + O(N ™), N — 0.

Remark 2 We assume that f(-) is a continuous real-valued function belonging
to L*(R) and vanishes at +oo.

The second term gives
2
(K f) = / [ K 1)K ) vy

N2 / / ) f(y)K](\/?) (%, %) f(x)dzdy

[ Baewns@iway o, N o

Hence, we find heuristically from (@) that logdet (I + K](\?) f) equals

/_ZKsinc(I,:zr) (x da:——/ / K2 oo(z,y) f () f (y)dxdy
+oe

O(N7Y). (10)

Now we are able to derive the mean and variance of the scaled linear
statistics Zjvzl F(Nz;). Taking account of the relation of f(x) and F(z) in
@), we have

f(z) = =AF(z) + A;F%c) — (11)

Substituting () into ([IQ) gives
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logdet (1 + K f) = - / Kaine(x, ) F(a)dz + = { / Keine(z, ) F2 (z)da
T RwaF@ Fday] +- 0,

From the coefficients of A\ and A\? and in view of log Gg)(f) = logdet (I +
KJ(\?) f), we get the following results.

(JUE)

Theorem 2 Let u and VJ(\}]UE) be the mean and variance of the scaled

linear statistics ijl F(Nx;), respectively. We have as N — oo,

uy = / Kane(w, 2) F(2)dz + O(N7Y), (12)

VUE) = / Kne(, 2)F? (2)dx — / / 2 (z,y)F(z)F(y)dzdy
+ O(N7Y, (13)

where Kgne(z,y) is the sine kernel defined by (7).

Remark 3 The result of the above theorem can also be derived by using the
method in the paper [3], and it is consistent with the one for the Gaussian
unitary ensemble in that paper.

2.3 Scaling at the Edge of the Spectrum in JUE

Contrasting to the previous subsection, we rescale the JUE at the (hard)
edge of the spectrum in this subsection. It will be seen that the Bessel kernel
arises.

Theorem 3 For z,y € RT, we have as N — oo,

1 o _
KQ (1= 55501 - a3 ) = Kiha(@,y) + ON ™),

2N?2 2N?2’ 2N?2
where Kéc)sscl(:v, y) is the Bessel kernel of order a defined by

Jo(V2) Y To (V) = Jo (Vo) do(VY) (14)
2(z —y) ’

and J,(+) is the Bessel function of the first kind of order a [17, p. 102]. The
error term is uniform for x and y in compact subsets of RT.

K (@y) =

Proof Taking account of ([8) and using the Hilb-type asymptotic formula of
the Jacobi polynomials [25] p. 197]
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0\ 0\" a+b+1\ “Tnt+a+1) [ 6 \"°
.0 O\ plad) _
(sm 2) (cos 2) Py*% (cos ) (n + 5 ) " (sin9>

< Ja ((n + %b“) 9) + 0120 (n/?Y15)

where 0 < @ < 7, we find that -— K](\?) (1 o1 — ﬁ) equals

2N? 2N
PN+ 1IN +a+b+1) N 4 ofb=1 N+t
(2N+a+b)F(N+a)F(N+b)(I—y){{ a( N ﬁ) Ja< oV
a+b+1 atb—1
_ <N+N2\/5> 7 <N+Nz\/g> +O(N2)},

uniformly for x and y in compact subsets of RT. By writing the formula in
the square brackets [---] as

N+ a+b—1 N + a+b+1 N+ a+b—1
%<—7WLV5 e e e

N + a+b—1 N + a+b+1 N+ a+b—1
—Jg <TQ\/§ Ja TQ\/E —Ja TQ\/E s

we finally obtain the desired result by taking a large N limit together with
the aid of Stirling’s formula. O

Remark 4 When z =y, we have as N — oo,

L@ (1 gag 1~ 5oy ) = Kl (e2) + ON ),

IN2 N IN?2 y- W Bessel
where J ) ;
KO o) — UalVE) — Jons (Vo a(VE)

4 )
which is obtained by letting y — 2 in (I4]). The error term is uniform for z in

compact subsets of RT. The Bessel kernel also arises in the Laguerre unitary
ensemble when scaling at the hard edge of the spectrum [I1]; see also [26].

Similarly as in the previous subsection, we use Theorem [3 to compute
@) term by term as N — oo, and replace f(x) by f(2N?(1 — x)) in the
computations. The first term reads

KD f = /11 K (2,2)f2N?(1 — 2))da

4N* 1 2 T T
:/0 oNa N (1_ v T 2N2)f($)d$

= [ Ralen) @ +ONT), N oc.
0



Linear Eigenvalue Statistics of Jacobi S-Ensembles 9

Remark 5 We assume that f(-) is a continuous real-valued function belonging
to L'(RT) and vanishes at +oo.

The second term gives
™ (K@r) = / / K (,9) fN(1 = ) K (4, 2) [ 2N*(1  2))dady
/ / Bebbel (z y))zf(:zr)f(y)da:dy +O(N™YH, N = .

It follows, again heuristically, from (@) that logdet (I + KJ(\?) f) equals

/0 K]g?:)sscl(w JJ dx — _/ / Kéc)sscl JJ y))2 f(l')f(y)d.’l]dy
4+ O(NTY.

Substituting () into the above gives

logdet (1 + K f) / K (z,2)F(z)dz
)\2 2
|:/ KBcsscl T, ‘T F2 d.’II _/ / Bcsscl JJ y)) F($)F(y)d$dy:|
O(N7H).

Then, the following theorem follows.

Theorem 4 Let u(JUE) and f/l(\}]UE) be the mean and variance of the scaled

linear statistics Ej:l F(2N?%(1 — z;)), respectively. Then as N — oo,

[L(J\}IUE) :/O K}ge)ssel( )F(:Z?)d:l? + O(N_l)’ (16)

2
JUE) / KBcsscl T, ‘T F2 d.’II _/ / Bcsscl JJ y)) F(JJ)F(y)dQCdy
), (17)

where K (x,y) is the Bessel kernel defined by (I7)).

Bessel

Remark 6 The result of the above theorem is consistent with the one for the
Laguerre unitary ensemble by scaling at the hard edge of the spectrum [3].
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3 Jacobi Symplectic Ensemble (JSE)
3.1 Finite N Case for the MGF in JSE

In this case, w(z) = (1 —2)*(1 +z)°, 2 € [~1,1], a,b > 0. The authors [21]
expressed G%) (f) as a Fredholm determinant based on the work of Dieng
and Tracy [I0] and Tracy and Widom [27]. Define

e (@) = mi(@)wl), §=0,1,2,...,

where 7;(z) is an arbitrary polynomial of degree j, and

2N—-1

w0 = [ () ) - ol @) ) ) o]

7,k=0

with its inverse denoted by
-1
(M) = ()35
It was shown in [21] that
2
[G%)( f)} — det (I ok - kWe f’) : (18)

where K J(\?) and ¢ are integral operators with kernel

2N-1

d
mem—zww%@wm (19)
7,k=0

and

1
(1) i= gon(z — y),

respectively. We require that f € C'[—1,1] and vanishes at the endpoints
+1.

Remark 71f g(z) is an integrable function on [—1, 1], then

eg(x) = /1 e(z,y)g(y)dy = % (/w 9(y)dy — /;g(y)dy> ,  ze[-11]

-1 -1

t

In addition, it is easy to see that e(y,z) = —e(z,y), i.e., €' = —e, where t

denotes the transpose.

The fundamental theorem of calculus implies the following result [I0]; see
also [21].
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Lemma 1 Let D be the operator that acts by differentiation. Then for any
function g € C1[—1,1] and g(—1) = g(1) = 0, we have Deg(z) = eDg(x) =
g(x), i.e., De=¢D = 1.

Similarly to the discussions in [I0, 21} 27], we choose a special ¢§4) to
simplify M®) as much as possible. To proceed, let

4 1 4 4 I .
wéjl-l(x) = ﬁ(1_$2)9‘7éj)+1($)= wéj) (z) = _ﬁg(péj)-i-l (x), j=0,1,2,...,
where 305-4) (x) is given by

P‘(afl,bfl) (.’L’)
0|V (z) =

/7 (a—1,b—1)
hj

and Pj(a_l’b_l)(x), j = 0,1,... are the usual Jacobi polynomials with the
orthogonality condition

(1—a)f (1 4+a): 7,

1
/ Pj(afl,bfl)(x)Péafl,bfl)(x)(l — )" (L4 2) e = h§a71,b71)5jk'
-1

It can be shown that %(-4) (z) is equal to (1 — 2)%/2(1 + x)*/? multiplied by a
polynomial of degree j. Similarly as the Laguerre symplectic ensemble case
studied in |21, Theorem 3.10], M is computed to be the direct sum of N

copies of (_01 (1)) by using the orthogonality, namely

0100 00
~10 00 00
000100
M®_|00-10--- 00
0000-- 01
0000-~10

2N X2N
It follows that (M(4))_1 = —M®W, 50 pgjojr1 = —1, poji12; = 1, j =
0,1,...,N —1, and ;i = 0 for other cases.
Lemma 2 We have
4 1 1 1) (a 4
K (@,y) = 55V (2.9) + 5CsNe@sn 1 ()58 (), (20)

where

oW _ [@N+1@N +a)2N +b)(2N +a+b-1)
N (AN+a+b+1)4N+a+b—1)
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and
2N
4 4 4
S (@y) =Y (1 -2 ()0 ().
j=0

Proof From (I9) we find that K}é)(x,y) equals

N-1
Z Yo ( ¢2;+1 Z Yaja(x ¢2J Y)
j=0
1 N—-1 1 N—-1 W ,
5 (1- z’ 802J+1( 802J+1 D) 5<P2g+1 { -y )802J+1(y)
7=0 7=0

By using the recurrence formulas for the Jacobi polynomials [25] Sec. 4.5]

d
(2n+a+b)(1 - :Ez)d—IP,(f’b) (x)

=nla—b— (2n+a+b)z] P () + 2(n + a)(n + )PV (z) (21)

and
@2n+a+b+1)[(2n+a+b)(2n+a+b+2)x + a* — VPV (x)

—2n+1)(n+a+b+1)2n+a+b)P% (x)

+2(n+a)(n+b)(2n+a+b+2)P " (), (22)
we obtain

!
[(1 )5 (y)} = O35 (1) — OS2 057 s (),

where

o \/(j+1)(j+a)(j+b)(j+a+b—1)
I (2j+a+b+1)(2j+a+b—1)

It follows that

N-1
1
K (@) = 5 3 (1= a)el ()05 (v)
J=0
N
1 4) 4 1) (@ 4
+ 52 [Céj 1590§J) (@) = Cég ESDQJ)H( ) ‘ng)(y)

Il
=]

J
CQN 902%\)/“ (fﬂ)‘Pg\){ (y)- (23)

Using ([2I) and (22) again, we find
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(=220 )] = 0l () — Ol ).
Then from Lemma [I] we have

(1= 2ol () = < [(1 = ) ()] = OS2 ell) 1 () — Cfegll), )

(24)
The combination of [23]) and ([24) gives
(N1 1 N
4
K (x,y) = B > (a-a? )51 (@)eSP (y +§Z (1 — 22)5) (2) 057 (y)
7=0 7=0
1 4
+ 20(13590513“( )b (4)
12N
4 4 (4 4
= 2302 @) + SO ().
§=0
The proof is complete. O
Theorem 5 For the Jacobi symplectic ensemble, we have
@ ]2 _
Gy ()| =det(I +Tysg), (25)

where
4 1 4 4 4 4 1 (4 4 4
i o S0 1504038 (<ot )l 188 (el ) (o)

Proof Substituting KJ(\?) with the kernel given by (20) into (8], we obtain
the desired result with the aid of the property (u ® v)A = u ® (Atv) for
integral operators. O

Finally we mention the following expansion formula

1
—TYTJBSE—"' ,

1
log det(I 4 Tysg) = Trlog(I + Tysg) = Tr Tysg — = Tr Tisp + 3
(26)

2

which will be used in the asymptotic analysis in the next subsections.

3.2 Scaling in the Bulk of the Spectrum in JSE

Similarly as Theorem [Tl we have the following theorem.

Theorem 6 For xz,y € R, we have as N — oo,

Lo ¥ -1
ANT ANT o NT = KSinC I’ N )
w5 (25 2%) (@) + 0N
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where Kgine(x,y) is the sine kernel given by (7). The error term is uniform
for x and y in compact subsets of R.

Theorem 7 For x € R, we have as N — oo,

@ (LYo 26|t _ 24N — s
¢2N(2N)—\/;sm{4(7r+27m 2(4N 1+a+b)arccos2N>]+O( b,

@ (ZN_ 2|t _ =z -1
@2N+1(2N)_\/;s1n{4(7r+27m 2(4N—|—1+a+b)arccoszN)]—|—O(N ),

1
awéé\), (%) 2N\/ﬂ{sm { (ﬂ'—|—2ﬂ'a—2(4N+1+a+b)arccos%)]

|1 T 9
— sin [Z (w+27m— 2(4N — 34 a + b) arccos ﬁ)} } +O(NT%),

1
scpg;),ﬂ (%) 2N\/ﬂ{ sin { (7r +27a — 2(4N + 3 + a + b) arccos %)]

|1 T 9
— sin [Z (w—i— 2a — 2(4N — 1+ a + b) arccos ﬁ)} } +O(N79).

The error terms are uniform for x in compact subsets of R.

Proof By using the asymptotic formula of the Jacobi polynomials (@), we
obtain the desired results after direct calculations. (I

Remark 81t is easy to see from the above theorem that as N — oo,

e (55) = 0, e (337) = O
o (337) = O™, e (57) = O,

uniformly for x in compact subsets of R.

We now use Theorem [f] and [l to compute ([28) as N — oo, and change
f(z) to f(2Nz) in the calculations (in this case f’(x) becomes 2N f/(2Nz)).
We first consider Tr Tsg:

1
Tr Tyse = Tr Sy f = Tr oS ef/ + Tr g (wg@“) ® oo

1 4 4 4
+ T 5O (evbi) @ (sih) £ (27)

The first term gives
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1
TrSJ(\?)fz/ SJ(\?)(x,x)f@Nx)d:v
-1

2N
_ Ltz =
_/2N INN (2N’2N) f(@)de

_ /OO Kane(z, 2)f(@)dz + O(N"Y), N = oo,

Remark 9 We assume that f(-) is smooth and sufficiently decreasing at +oo
to make the integrals well-defined.

It can be shown that the rest terms have contributions of O(N ~1), where we
have used the fact

o0 xr
/ Ksine(xu y)dy - / Ksine(xay)dy =0
xT — 00
in the calculation of Tr %S’](é)sf'. Hence,
o0
Tr TJSE = / Ksine(xa l‘)f(,T)CLT + O(Nil) (28)
—o0
Next, we consider Tr T%p:
2
T Tisp = Tr (SF) = Tr SO rPef +Tr20iRSP S (0§11 @ 05X ) £
1 2
+ Tr OGRS S (bR ®ein) £/ +Tr 4 (SKer')
1
— Tr Cé?\;sl(\;l)af/ (5905%\)1-4-1 ® ‘Pgi\)r) f—Tr ECS\;SI(\?)EJN (5905%\)1-4-1 ® E‘PS\)Z) il
)\2 4 1) \2 1 4)) 2 4 4 2
T (O5)° (eS8 @ 00)" 4 T L (CE0)° (o0 @ ef7)
1)\ 2 4 4 4 4
+ Tr (Céz\D (5<P5137+1 ® 90;1\)7 ) (5<P5137+1 ®5<P51\)r /) . (29)
We find as N — oo,

w(s07) = [ [ R i@y + o0,

Tr S £S5 e = —2—7172 /_OO /_Oo Si*(x — y)f' (@) f (y)dady + O(N ),

2 oo oo
T (W) =gz [ [ Ste—nr@r W+ o,

where we have used integration by parts to obtain the second equality and
the formula
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2
/ K:,me y, dZ _/ Kbme yu = — Sl((E - y)7
and Si(z) is the sine integral defined by [I7, Sec. 3.3]

¢
/ Slidt

The rest terms in (29) are proven to have contributions of O(N 1) after some
elaborate computations. Hence,

Tﬂ%E:/w/mK&A%wﬂ@ﬂwM@
47T2/ / Si2(z — ) () ' (y)dady +~ O(N~).  (30)

Proceeding as in the JUE case, we substitute () into ([28) and (B0) and
finally heuristically obtain from (28] that

log det(I + Tssk)

0o 2 0o
_)\/ Ksine(.’L',LL')F(.’L')diU + % |:/ Ksine(‘rux)Fz(‘r)d‘r

- /OO /OO K2 (2, y)F(2)F(y)dzdy
wﬁ//sw_wummﬂ o)

Since we have log Ggé)(f) = 1logdet(I + Tysg) from (25)), the following the-
orem follows.

Theorem 8 Let u(JSE) and VJ(\}]SE) be the mean and variance of the scaled

linear statistics ijl F(2Nzx;). We have as N — oo,

1
N = o o,

L / / Si2(a — y)F'(«)F' (y)dxdy + O(N 1),

where N%UE and V](\gU are given by {I3) and [I3), respectively.

3.3 Scaling at the Edge of the Spectrum in JSE

Similarly as Theorem [3] we have the following result.

Theorem 9 For z,y € R™, we have as N — oo,
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L @ x a-1)(
e (1 g ) =[5 Kl -0,
where K~ )(:17, y) is the Bessel kernel of order a — 1 given by

Bessel
~1(V2) Va1 (VY) — Jaaa (VE)VEJam1 (VY)
2(z —y) '

The error term is uniform for x and y in compact subsets of RT.

K Dy) = 2

Bessel

Theorem 10 For x € RT, we have as N — oo,

A (1- 505 ) = N2 7‘]“\1/(5\/5) +O(N'2),

S Ja—1(V)
Spéj\)erl (1 - —> = (2N)3/2 IT + O(N1/2)7

SN2 T
el (1 - W) = 932N "12 (1223, (V7)) + O(N~#/2),
T _ _ _
cobmar (1= gy3) = 272N Y2 (1= 200 1(VE)) + O(N2),
where .
Jur(z) = / o1 (t)dt. (31)
0

The error terms are uniform for x in compact subsets of RT.

Proof The results come from direct computations by using the large n Hilb-
type asymptotic formula of the Jacobi polynomials (IZ)), and the formula

X Jar (V) [T (VD) -
v dy s dy=2(1-2J,_1(v7)),

where use has been made of the fact that [ Jo—1(t)dt =1 (see, e.g., [14] p.
659)]). O

Using Theorem [ and [[0lto compute (27)) term by term and changing f(z)
to f(8N?(1 — x)), we find

Tr s f — / KSD (@, 2)f (2)de + O(NY),

Tr%S](\?)af’:—i/ L (g, 2) f (x)dz + O(N~Y),
0
1 [ Jo1(V7)

TrCy (o0l ) ooins = ¢ [ A (1 23 (V) S @)da O

JT

1)’
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Try O (o) o (0i) £/ = 1 /0 (1-2301(v3))" f'(2)da+O(N ),

where
a— a—1 a—1
L( Y ‘T y / \/>KBe:>be% / \/> Bebbez y’ (32)

Remark 10 We assume that f(-) is smooth and sufficiently decreasing at in-
finity to make the integrals well-defined.

Through integration by parts, we have the formula

/OO (1-23, 1 (VD))" f(2)da =2 ¥ Ja (V) (1-23, 1 (V7)) f(z)dz.
0 0 e

It follows that

0

1

+ 1/000 LY (g, 2) f'(x)dx + O(N7Y). (33)

Similarly, we obtain from (29) by changing f(z) to f(8N?(1—z)) that TrT%
equals

/.00/ (Kt () (@) f (v)daedy

3 7T R e LD e @) ey

1 / / B LmKé‘;;i%(x,w (1 - 230-1(v/3)) f(2) f(y)dady
g [T @ Ve @) Wy
* Jao1 (V) . . ,
_1_6/0 /0 \l/z (1 =200 s (V) (LD (@y) = LD (w,2)) f(@)f (v)dedy

1 oo oo , ,
b [T 0= 20 (V) (= 20 (V) LD ) @) ()
+O(N™1), (34)
where we have used integration by parts to simplify the results.
Similarly as in Section 3.2, by substituting (1)) into @B3) and B4) and
using the fact that log G%)(f) = ;logdet(I + Tysk), we heuristically obtain
the following theorem.

Theorem 11 Denotmg by N%SE and the mean and variance of the

linear statistics ijl F(8N?(1 — x;)), we have as N — 00,

V(JSE
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1 oy 1 _
A = P g [ )P @+ 0

vy = V“UE e / / [Kéis;? 2, y) LY (2, 1) F' (2) F (y) dwdy
B / /OO = 1 \/_) K](Boéssg( 7y) (1 - 2Ja71(\/5)) F(I)F(y)dl’dy
et a—l \/_) a1 a1
+ 5/0 /0 V- (1 —2Ja-1(v¥)) (L( )(x,y) — L )(y,x)>
F(x)F' (y)dzdy — % /OOO /OO LD (g, ) LD (y, 2) F' (2) F' (y)dady
1 oo el L
- a/o /0 (1-2Ja—1(v2)) (1 — 2Ja—1(v/7) LD (,y)

F/ @) (y)dudy + / ¥ L@ (0,0) F(@) F (w)da + O(N 1),

where ,u(]\‘,]UE = ond f/](\}]UE’a_l) are given by (16) and (I7) with a replaced by
a—1, and J,_1(z) and LV (x,y) are defined by (3) and (32) respectively.

4 Jacobi Orthogonal Ensemble (JOE)
4.1 Finite N Case for the MGF in JOE

In the JOE case, we take the weight w(z) to be w(z) = (1 — )*/?(1 +
z)?/?, x € [-1,1], a,b > —2 for convenience. We assume that N is even. The

authors [21] expressed Gg\l,)( f) as a Fredholm determinant based on [10, 27].
Let

1 )
wj(- )(x) =mi(x)w(x), j=01,2,...,
where 7;(z) is an arbitrary polynomial of degree j, and

M= </ 1/}(1 ()dQC)j;:o

with its inverse denoted by
-1
(M) = )N
It was shown in [21] that

V)] *_ det (r+ KO +2f) - KPef ~ KQper), (39)
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where K](\}) is the integral operator with kernel
K(1 (x,y) Z VikeY; 1) ( ). (36)
7,k=0

We also require that f € C'[—1,1] and vanishes at the endpoints +1.
Similarly as the discussions in Section 3.1, we can choose a special 1/1§1) to

simplify M (") as the direct sum of N/2 copies of (_01 (1]) Let

d
w2g+1( ) d.I (1_.%' )Sogz)( )j|7 w;;)( ) @éj)({I]), j2071727"'7

where gpgl)(:zr) is given by

platlbtl) ()

1) _ 2 a/2 b/2
y = 1 1+
®; (x) ey (1—2)**(1+x)"7,
j

and Pj(aﬂ’b“)(x),j =0,1,... are the Jacobi polynomials with the orthogo-
nality condition

1
/ Pj(a-i—l,b-i—l)(I>P]§a+1,b+l)(x>(1 — ) (14 ) e = h§a+1,b+1)6jk.
-1

It is easy to see that 1/1§1)(:1:) is equal to (1 — x)%/2(1 + x)*/? multiplied by a
polynomial of degree j. Moreover, M) is computed to be

01 00--- 00
-1000--- 00
0001--- 00
MO -100-10--- 00
000O0--- 01
0000--10/ . .n
It follows that (M(l))_l = —M(l), SO Voj2j+1 = —1, Vgjy12; = 1 and
vjr, = 0 for other cases.
Lemma 3 We have
1 1 ( 1
K{ (@) = SV (2,9) + CF e (@)1 (v), (37)

where
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oW _ N(N+a+1)(N+b+1)(N+a+b+2)
N (2N +a+b+1)2N+a+b+3)

and

2

SV (@) (1 -2V (@) ().

<.
Il
o

Proof According to (B6l), we find that K](\;)(,T, y) equals

J1
Z 51/)2g+1 ( ) — Z 57/1 ( )1/)2g+1( )
=0 j=0
= Y -2l @l )~ X el (@) [ -2 w)] - (38)
Jj=0 j=0

In view of the recurrence formulas for the Jacobi polynomials ([2I) and (22)),
we find

[(1 — 1)) (y)} = O 05) () — OO 05 (),

where

o _ [iG+ta+)G+b+D(+at+b+2)
o (2j+a+b+1)(2j+a+b+3)

Then ([B8) becomes

EQ(@y) = 3 (1 -2l @) (y) + O ey @)y ()
0

<.
Il

M)

+ Y [C6 e @) = ) @] W) atw). (39)

j=1

Using (2I) and (22) again, we have

1 ! 1 1 1)
[(1=a%)el) 1 (@) = 5L el o(@) — O8] ().
It follows from Lemma [T] that

!/
(1 =22l 1 (@) = £ [(1 =221 ()] = C) ek o(a) — O el @),
(40)
The combination of (8Y) and [@0) produces
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-1

EQ(x,y) = Y (1—a2)e8) ()08 (y) +

w2

'Mwlz

(122 (@)l (y)

[}

<.

j=1

—

+ OVl (@)W1 (v)

N—

=Y (1 -2V (@)l () + CF eV (@)1 ()
=0

—

<

The theorem is then established. O

Theorem 12 For the Jacobi orthogonal ensemble, we have

[GE@’( f)} ® _ det(I + Tyon),

where

Tyor: = S (12 +2f) = SVef = 8V f=f +CF (260)) @ o)1 (12 + 21)

+ 09 (e6) ® (e0iL1) £ - CF (e6) @ oRlifef. (@)
Proof Substituting (37) into (B5]), we obtain the desired result. O

The amenable expression of G%)( f) in the above theorem will allow us to
study its large NV asymptotics in the next subsections by using the expansion
formula

1 1
logdet(I +Tjor) = Trlog(I+Tior) = Tt Tior — = Tr Tiop + = TrT5op —- - - .

2 3
(42)

4.2 Scaling in the Bulk of the Spectrum in JOE

Similarly as Theorem [6] and [7, we have the following two theorems.

Theorem 13 For x,y € R, we have as N — oo,

1 yrx vy _
NSV (§0 ) = Kaelir:y) + O,
uniformly for x and y in compact subsets of R.

Theorem 14 For x € R, we have as N — 00,

o (T

_ 2 .1 T 1
ON (N) ——\/;sm [Z (7r—|—27m—2(2N+3+a+b)arccosﬁ>}+O(N ),
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W (=Y _ - 260t _ z -1
@N_l(N)_ \/;sm[4 (ﬁ+27ra 2(2N+1+a+b)arcc0sN)]+O(N ),

W 1 - r
EPN (N> N\/_{sm[ (7r—|—27m 2(2N+1+a+b)arccosN)}

|1 T 9
— sin [Z (w—i— 2a — 2(2N + 5+ a + b) arccos N>] } + O(N~%),

1
sgps\}) . (;) N\/_{Sln [ (7r+27m— 2(2N — 1+ a + b) arccos %)}
— sin 1 (7r+ 2ra—2(2N +3+a+b) arccos£> +O(N7?).
4 N

The error terms are uniform for x in compact subsets of R.

Using Theorem [[3 and [[4] to compute Tr Tjor and Tr T,y from I, and
changing f(z) to f(Nz), we find that Tr Tjor and Tr T,y equal

/_OO Kgine(z,2) (f3(z) + 2f(2)) dz
N %/_Z [/_Z (1= 2X(—c0)(¥)) Ksinc(x,y)f(y)dy} f(x)dz + O(N™Y)

and

| Ken) (£@) +2£@) (52 w) + 20 w) dady
N /ﬁw/j; Kune(, 1) Uj; (1= 2x(— o) (2) Ksine(y,z)f(z)dz}

£/@) (720 + 26 @) dody+ = [~ [ $2@—0)p @)F W)(21w) + sy
[T s [T 0 2 (4) Kol 2 ()| @) ()

* 2/_0; /_O:o {/_O:o (1= 2X(—00,2)(2)) Ksine(y,Z)f(z)dz}

[ 0= 2y (00) Ko 0 ()] @) )y + O )

respectively, where we have used integration by parts and x ;(z) is the char-
acteristic function of the interval J, i.e., xj(x) = 1 for € J and 0 otherwise.

Remark 11 We assume that f(-) is smooth and sufficiently decreasing at +oco
to make the integrals well-defined.

With the relation of f(x) and F(z) in (), we find from {#2) that
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log det(I + Tyom) = —2X / " Kune(w, @) F(x)da + —{ / ' Kuine(w, 0)F?(2)da
T 0 i () Kaine ) Pl | F )
—a " [T K@@ @)y
- % /j; /j; Si2(z — y)F’(a:)F’(y)da:dy} 44 ONY).

Taking account of the fact that log Gg\}) (f) = 3logdet(I + Tyog) from The-
orem [[2] we have the following heuristic result.

(JOB) . dV(JOE

Theorem 15 Letting jiy be the mean and variance of the

scaled linear statistics Zj:l F(Nzj), we have as N — oo,

uy " = p§U + oY),

PUOE) _ 9 (JUE) %/OO [/OO (1= 2X(—c0,)(¥)) Ksine(w,y) F(y)dy| F'(z)dzx

2w2/ / Si?(z — ) F'(2)F' (y)dady + O(N ),

(JUE) o V](VJUE

where [y ) are given by (I2) and (I3), respectively.

4.3 Scaling at the Edge of the Spectrum in JOE

Similarly as Theorem [@ and [[0] we have the following results.

Theorem 16 For x,y € R*, we have as N — oo,

1 L z a+1
e (1= o321 3va) ﬁKBWI =)+ O(N™),

where K(a+l)(x,y) is the Bessel kernel of order a + 1 given by

Bessel
(a+1) Jar1 (VT) VYT (V) = Jon VE)VETai1 (V)
KBCSSC]( T, y) 2($ — y) .

The error term is uniform for x and y in compact subsets of RT.

Theorem 17 For x € R, we have as N — oo,

D (1 _ T N _ ar3/2 Jat1 (V) 1/2
ol (1 —2N2) N3/ S O,
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(1) T\ sy Jar1 (V) 1/2
PN 1(1_W)_N/ T+O(N/)’

o) (1= 533 ) = 27NV (1 2304 (VE)) + O(N~22),
ey (1= 53 ) =27 N2 (1= 200 (Va)) + O(N—72),

where

Jog1(z) = / Jat1(t)dt. (43)
0
The error terms are uniform for x in compact subsets of R™.

Using Theorem [I6 and [I7] to compute Tr Tjor and Tr T,y from (@), and
changing f(x) to f(2N?(1 — z)), we obtain the next theorem following the
similar heuristic procedure in Section 4.2. (We assume that f(-) is smooth
and sufficiently decreasing at infinity.)

_(JOE) (JOE)

Theorem 18 Denotmg by fin and V the mean and variance of the
linear statistics ijl F(2N?%(1 — z;)), we have as N — 00,

1 o0
AN = U 4 / L) () F (2)dz + O(N V),
0

V(OB = gp(JUE-atl) 4 — / LD (g, ) F(2) F' (x)da

- é/ooo [/O (1=2x(0,2)(®)) \/7K1(3ae;le)1 z,y) F( )dy} F'(z)dx
-5 { |7 0= 2x0mw) #F(y)dy 2 p(o)a

B / / ) ““(f TN K (@,y) (1= 2311 (VD)) F(@)F (y)dady
> Ja 1(\/_) a a
1 +T(1—2Ja+1(m> (LD (@,9) — L+ (5, 2))
F@F @dzdy— 5 [ [T 1O @) LD 4 0)P @) F () dady
o [T =230 () (= 20 () L )P @) ) dady
- 7T R e 1 ) ) Py + O,

where

L(a+1) (z,y) / \/7Kéi:s1c)1 / \/> Bachrslcl (y, 2
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Jat1(z) is defined in [{3) and [L(]\‘,]UE’aH) and 1}](\}]UE’a+1) are given by (I16)
and ({I7) with a replaced by a + 1.

Remark 12 We have used integration by parts to simplify the results in the
above theorem.
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