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Abstract

In this paper, a second-order finite-difference scheme is investigated for time-dependent
space fractional diffusion equations with variable coefficients. In the presented scheme,
the Crank—Nicolson temporal discretization and a second-order weighted-and-shifted
Griinwald-Letnikov spatial discretization are employed. Theoretically, the unconditional
stability and the second-order convergence in time and space of the proposed scheme are
established under some conditions on the variable coefficients. Moreover, a Toeplitz pre-
conditioner is proposed for linear systems arising from the proposed scheme. The condition
number of the preconditioned matrix is proven to be bounded by a constant independent of
the discretization step-sizes, so that the Krylov subspace solver for the preconditioned lin-
ear systems converges linearly. Numerical results are reported to show the convergence rate
and the efficiency of the proposed scheme.
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1 Introduction

In the paper, we study an efficient numerical method for solving the one-side space frac-
tional diffusion equation (OSFDE) with variable coefficients. To begin with, we first pre-
sent the one-spatial-dimensional (1-D) OSFDE (the two-dimensional case will be dis-
cussed in Sect. 3) [20, 37, 38, 40]:
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WD _ ), DU, +f(x,1,  x € (). 1 € O, T,
u(x . 0)=0, ulxg.t)=w(o), t € [0,T), ey
u(x, 0) = @p(x), X € [xp,xg],

where d(x), which satisfies 0 < d_ < d(x) < d, < o0, is a strictly positive known function,
v, @, and f are all known functions, u is unknown to be solved, and D"u(x 1) is the Rie-
mann-Liouville (RL) fractional derivative of order a € (1, 2) deﬁned as [29, 36]

I S A ())
XL Xu(x n= L2 - a) 0x2 o (x = &)1 dé 2

with I'(-) denoting the gamma function.

Due to the nonlocal dependence, fractional derivatives model many challenging phe-
nomena more accurately than integer-order derivatives do, which has, therefore, attracted
lots of interests in recent years. For example, in [1], a two-dimensional version of the
OSFDE is applied to image denoising, where the noisy image is the initial value and the
solution of the diffusion equation at final time is the denoised image. Due to the nonlocal
property of the fractional derivative, the fractional diffusion-based image denoising model
[1] has a good capability of texture preserving. For more applications of the fractional dif-
fusion equation, one may refer to viscoelasticity [12], fractal dynamics [34], signal pro-
cessing [3, 35, 42], image processing [30-32], and the references therein.

Nevertheless, it is well known that closed-form analytic solutions of fractional diffu-
sion equations are usually not available, especially in the existence of variable coefficients.
Because of this, many numerical discretization schemes have been developed for fractional
diffusion equations; see, e.g., [5, 10, 17-19, 22, 25, 28, 45-47].

For those schemes applicable to or solely developed for OSFDEs, one may refer to [2,
6,9, 15, 24, 26, 33, 37-41, 44]. In [9, 15, 44], numerical schemes with spatial fourth-order
convergence for a space fractional diffusion equation are developed by applying the tech-
nique of compact operators, which is, however, only available for the constant-coefficient
case. Another spatially fourth-order accurate scheme is studied in [2] by implementing
weighted-and-shifted Lubich difference operators whose convergent property is established
only for constant diffusion coefficients. Some second-order numerical schemes are proposed
in [37-40] for solving OSFDEs with variable coefficients, which, however, does not provide
convergence proof. In [33], the stability and convergence of the second-order numerical
scheme for variable coefficient equations are established for the 1-D OSFDE, which cannot
be extended to the case of higher spatial dimension. In [21], a series of numerical schemes
for the Riesz space fractional diffusion equation have been proven to be convergent and sta-
ble. Nevertheless, the proof technique used in [21] heavily depends on the symmetry of dis-
cretization matrix of the Riesz fractional derivative, which is not applicable to the OSFDE
that involves the non-symmetric one-sided fractional derivatives weighted by variable coef-
ficients. The shift-Griinwald spatial scheme together with the backward difference temporal
scheme proposed in [23] is applicable to the OSFDE with variable coefficients, whose sta-
bility and convergence can be established under infinity norm. Nevertheless, its convergence
rate is only of first order in time and space. Hence, there is no second-order scheme for the
two-spatial-dimension (2-D) OSFDE with variable coefficients.

In this paper, we propose a second-order scheme for 1-D and 2-D OSFDEs with vari-
able coefficients. The Crank—Nicolson method and a second-order weighted-and-shifted
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Griinwald-Letnikov difference (WSGD, see [41]) operator are employed to discretize tempo-
ral and spatial derivatives, respectively. The key point of stability and convergence proof is to
find an inner product under which the spatial discretization matrix is negative semi-definite.
For the 1-D case, we choose the inner product associated with the diagonal matrix arising
from discretization of d~!. As a result, the unconditional stability and convergence of the pro-
posed scheme are established without additional assumption on d(x) for the 1-D case. For the
2-D case, to construct a desired inner product, some assumptions are made on the variable
coefficients (see the assumptions in Corollaries 3.1-3.2), with which the unconditional stabil-
ity and convergence of the proposed scheme are established.

Moreover, because of the nonlocality of the fractional derivative and the existence of the
variable coefficients, the discretization of the OSFDE tends to generate dense matrix with high
displacement rank [27], for which the discrete linear systems related to the variable coeffi-
cients OSFDE are time-consuming to directly solve. Fortunately, the discretization matrix has
Toeplitz-like structure due to which its matrix—vector multiplication can be fast computed via
fast Fourier transforms (FFTs). Because of the fast matrix—vector multiplication, fast iterative
solvers for the linear systems can be possibly developed. However, the discretization matrix
of the OSFDE is ill-conditioned when 7 /A“ is large, where = and & represent the temporal and
spatial step-sizes, respectively. Thus, a Toeplitz preconditioner is proposed to reduce the con-
dition number of 1-D and 2-D discretization matrices. Theoretically, we show that the condi-
tion number of the preconditioned matrix is uniformly bounded by a constant independent of ¢
and & under certain conditions on the diffusion coefficients (see the assumptions in Theorems
2.4, 3.3), so that the Krylov subspace method for the preconditioned linear systems converges
linearly no matter the unpreconditioned matrix is ill-conditioned or not.

To summarize, the contribution of this paper is of twofold: (i) the proposed scheme is the
first scheme of second-order accuracy for the 2-D OSFDE with variable coefficients; (ii) the
proposed preconditioning technique is the first fast solver with the convergence rate independ-
ent of discretization step-sizes for linear systems from second-order discretization of the 2-D
OSFDE with variable coefficients.

This paper is organized as follows. In Sect. 2, we propose a second-order scheme and its
corresponding Toeplitz preconditioner for the one-dimensional OSFDE, analyze the uncon-
ditional stability and convergence of the proposed scheme, and estimate the condition number
of the preconditioned matrix. In Sect. 3, we extend the scheme and the preconditioner to the
two-dimensional case. In Sect. 4, numerical results are reported to show the efficiency and
accuracy of the proposed scheme.

2 Stability and Convergence of Discrete One-Dimensional OSFDE
and Its Preconditioning

We need some notations to describe the discretization for (1). Let 4 = (xg — x;)/(M + 1) and
7 = T /N be the space and time step-sizes, respectively, where M and N are given positive inte-
gers. And denote x; = x; +ihfori=0,1,---, M+ 1,t, =nrforn=0,1, ---, N. Throughout
this paper, the discretization on the RL fractional derivative is based on the following second-
order WSGD formula [41]:

; Ly
WD) = 50 D W Ui + OR), 3)
k=0

@ Springer



218 Communications on Applied Mathematics and Computation (2020) 2:215-239

which is under the smooth assumptions u, _OOD"”u and Fourier transform of _ooDj”

belong to L (R) (see, e.g., [4]). The coefficients w,((“) were defined by [41]

a a 2—a
(a) zgf)a), (ot) 2g](;)t) > gili)] for k> 1, @)

where g(“) are the coefficients of the power series of (1 —z)% and they can be obtained
recurswely as

@ @ a+1 «
g =1, g¥= <1—T>()fork_12

Next, we introduce the finite-difference scheme for solving (1). Let u! be the numerical
_l
approximation of u(x;,t,). Denote d; = d(x;), @; = @(x,), fl.n P=flxg.t,_ 1) for1 <i<M
2
=, +1)/2, n=12,- N

Then, applying the Crank—Nicolson technique and approximation (3) to the time derivative
and the space fractional derivatives of (1), respectively, we get

_1
and f,, > =f(xy, n_1)+w(a)y/(tn_%)/h“ , where 7

u' — _1

i a " .
z _2h0‘ 12 () 1/<+1+ut /<+1)+f R, *,1<i<M, &)

1
n—z ..
where R, *| < ¢ (z> + h*) fora posmve constant cy; see, e.g., [41].

_1 _1
Denote u" = [u,u}, - ,u}, 17, f" z = [f1 f; 2,"',f,:1 21T, and
wga) wg’) 0O - 0
D =diag(d,.dy, -+ .dy), G,=| : w® W' - 0 | (6)
: - . (“)
@ @ (a)
WM cee cee W2 ]

where { w;:’) }kM_ o are the coefficients given in (4).
- 1

Omitting the small term R:Hrz in (5), Eq. (1) can be solved numerically by the following
finite-difference scheme in the matrix form:

l(un _ un—l) — 1

- = 5= DG, (™ +u) +f75, n=1,2,,N. )

2.1 Stability and Convergence
Some general notations:
o C™" (R™n respectively) denotes the set of all m X n complex (real, respectively)

matrices;
e H(X) denotes the symmetric part of a square matrix X.

Lemma 2.1 [41] The matrix G, + G: is negative definite.
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Lemma2.2 [11, 13] Let the symmetric matrix H € R™" with eigenvalues A, > A, > -+ > A
Then, for all w € R™],

ne

AwTw < wlHw < 4, wTw.

Now, we show the stability and convergence of the scheme (7) by the energy method.

Theorem 2.1 The finite-difference scheme (7) is unconditionally stable and its solution sat-
isfies the following estimate:

2

ny 2 2 k-1
< — =
lu*]l-1 < expD)ll@lly-1 + [exp(2T) l]g}g lf 2 )D_l, n=1,2,-,N,
where|| - || p-1 is the norm induced by the inner product (v|,v,)p-1 = thD"vz.

Proof Some Tsteps of this proof are similar to those of Theorem 3.8 in [43]. Multiplying
h(u”_1 + u") D' on the both sides of (7), we get
1 n—1 n —1( n n—1 1 n—1 n\T n—1 n
—h(u +u ) D (u —u )=—h(u +u ) Ga(u +u)
T 2h« (8)
+ h(u”_l + u”)TD_lf -3

T

Notice that wTG,,w = WTH(G,,)W for any real vector w. Therefore, by Lemma 2.1, the first
term on the right-hand side of (8) can be estimated as

1 n—1 n\T n—1 n
2hah(u +u) Ga(u +u)
= zlwh(u"_l + M")T'H(Ga)(un_l + u”) <0.

As a result

h(un)TDfl ut — h(unfl)TDfl Mnfl

©))
< Th@' D5 4 ch@ )T D
Applying the Cauchy—Schwarz inequality on the right-hand side of (9), we get
2 2 12
ny 2 n—1 Ty nyn2 T n=1 n—1
< - —
e < |+ St + e+ =l
which is equivalent to
n2 24T ae1 2 2t L2
<£Tr L
el < 2— 21" HD-‘ * 2—1‘ Y 2”D—l' (10)
Iterating (10) for n times, we obtain
e <(2E2) e
Wi =\ 5 wll,
2 24 247\ 247\ e
T T T T L
* 2—1[” P <2—r> et <2—T> ] max |1 o
1)
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For the small 7 (z < 1), we have

247 " 20 \" . 27\N
= < "< = =
<2_T> <1+2 T) <(1+20) _NETW(1+ N) expT),  (12)

and

n k=1 n
ZZ_TTZ<2+T> =<2”) —1 <exp@T)— 1. (13)

~ 2—-7 2—-7
The result follows from (11)—(13).

Theorem 2.2 Let u(x;, t,) be the exact solution of (1) and u? be the solution of the finite-dif-
ference scheme (7). Denote el’.‘ = u(x;,t,) — u;’, 0<i<M+1,0<n<N.Then,there exists
a positive constant ¢, such that

le"ll < cy(z* + AP,

where " = [e], €], -, e/'"/I]T and || - || denotes the discrete L* norm, i.e.,||v|]| = VhvTv.

; _L 1 _1
Proof Denote R" "2 = [R'; Z,Rn 2 ,RL 21T, We can easily show that ¢ and e;’ satisfy

2
the following error equations:

1 n n— 1 n— n n—1
;(e —e 1)=%DG¢,(2 1+e)+R 2, 1<n<N,

1

(3026

0, 1<n<N, =0, 0<i<M+1.

nM+1 =
By Theorem 2.1, we have

2

ny2 k—1
< —
||e ||D_l [exp(2T) 1]112& Rz

As D7lis a positive diagonal matrix, utilizing Lemma 2.2, we get

lle"I> < [ep(2 + hD)]?, n=1,2,--,N.

2.2 An Estimate on the Field of Values of DG, + G} D

In this subsection, we focus on estimating the field of values of DG, + G'D, the results
of which will be further applied to the analysis of one-dimensional preconditioning and
the extension to the two-dimensional OSFDE. First, we denote g(a,x) as the generating
function [27] of the Toeplitz matrix G,. The next two lemmas describe some properties
concerning g(a, x), which will be useful in obtaining the desired estimation.

Lemma23 [27] Letu = [u,uy, -, up 1T, v = [V(, vy, -, vy, 1T € RMX Then, we have

M M
1 * . .
T _ —ikx ikx
uG,v= ) kzzl ue kzzl Vi€ g(a, x)dx.
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Lemma 2.4 [43] It holds that

PR {50 [ <z,z>
« =N T g(a 0| 2

The following lemma provides a novel bound to the field of values of DGD, where
G=-G, - GZ and D is a diagonal matrix satisfying some properties.

)

where R[g(a, x)] denotes the real part of g(a, x).

Lemma 2.5 [43] Denote G = =G, — GX. Suppose that D = diag(d(x,), d(x,), -+, d(xy,)) for
some function d) defined on (x; , xg). For any real vector u = [u, uy, -+ , uy;]T, we have

u"'DGDu < 2 max{|d;|*}u"Gu, (14)
ifd(x) is convex and d(x) > 0, or d(x) is concave and d(x) < 0.

Assuming that 0 < x;, < d(x) < k,,,,, < 00. The following theorem reveals some inclu-
sion relations between numerical ranges of G and —DG,, — GED, which acts an important

role in the analysis of the proposed preconditioner.

Theorem 2.3 Foranyu = [u, u,, -+, uM]T, we have
- \/E(Kmax - Kmin) llTGll
Ca
(15)
2K — Ko
<u"(-DG, - G'Dju < (K + M)JG&

where k = k,,, when d(x) is concave, and k = Kk, when d(x) is convex.

Proof Denote D = D — I, then DG, + G'D = x(G, + G") + DG, + GID. And, for any
u = [uy, uy, -+, uy,]", we have

u'(-DG, - GID)u = xu'Gu +u" (-DG, — GID)u.

M M
Denote u(x) = Y u;e and v(x) = Y (Du),e*, it follows by Lemmas 2.3 and 2.5 that
=1 =1
1 T
wGu =u' (G, - Gju =1 ["Ri-glanilucorar (16)

wbwhu = 1 / " Rl I Pdx
Z(Kmax - Kmm)z z 2 (17)
<« Xnws ~ o). / R [—g(a, 0)][u(o) 2.

Using Lemma 2.3 again and applying the Cauchy—Schwarz inequality, Lemma 2.4, (16)
and (17), we get
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|u"(-DG, - GID)u|
1

=ﬂ i

/ (—vigu— u*g*v)dx'

<1 / (@0 VOO Ju()|dx

L R—gla 0@ Gl dx
ﬂ-ga -

%\// ZR[—g(a,x)]lv(x)Ide\// R[—g(a, x)]|u(x)|2dx

<
\/E(Kmax - Kmin) i 2
< —/ R[—g(a, x)]|u(x)|"dx
TGy -
2 — K.
- MUTGU,
Sa

Thus, the desired result can be obtained just by utilizing the following inequality:
xu' Gu — ’uT(—DGa - sz)u‘ <u'(-DG, - GZD)u

< xu"Gu + |u"(-DG, - GLD)u|.

2.3 Toeplitz Preconditioner for the Discrete One-Dimensional Fractional Diffusion
Equation

To solve (7) is equivalent to recursively solve the following linear systems:
Au"=b", n=12-,N, (18)

where A =1,,—nDG,, n=rt/(2h%), I, denotes the kXxk identity matrix,
1

b = (Iy; + nDG,) - u"~' + 7f"73. As explained in the introduction section, a good precon-
ditioner is required for the linear systems in (18).

m
For any m X m diagonal matrix, C = diag(c;, ¢,, -**, ¢,,), denote mean(C) = i Y. In
i=1

this subsection, we propose a Toeplitz preconditioner for the linear systems in (18),
such that

P = Iy, —ndG,, (19)

where d = mean(D). In the following, we discuss a computationally effective representa-
tion of P!, which allows fast matrix—vector multiplication of P,

Let v= (v, vy, ,vy)T and V= (9},7,,,%,)T be solutions of following linear
systems:

Pv=e, =(1,0,0,---,0)7, PV =e, =(0,0,---,0, )T, (20)
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According to the Gohberg—Semencul-type formula [8], P~! can be expressed as follows:
_ 1
Pl = 2_(S1C1 -5,C,), 20
Vi

where 8, S, are skew-circulant matrices with v, Vv = (=¥, ¥, -+, ¥,;_;)T as their first col-
umns, respectively; C;, C, are circulant matrices with ¥ = (¥, %;, -+, ¥),_;)T, v as their
first columns, respectively. From (20), we see that v, is the first diagonal entry of P~!. From
Lemma 2.1, we see that P + PT is positive definite. Thus,

vy =e¢/Ple = %eT(P‘l +P e, = 1 e[P~'(P+PHP e, >0,

which means that (21) is applicable. Moreover, the Toeplitz linear systems in (20) can be
efficiently solved by the super fast direct solver proposed in [7].

For C € C™", denote by X(C), the set of singular values of C. Also denote
22(C) = {x*|x € Z(C)}. For any matrix C € C"™", denote by 5(C), the spectrum of C.
For a number 4, denote by R(A), the real part of A.

For any invertible matrix C € C"™, define its condition number as

cond(C) 2 ||C|,[1C 7],

Lemma 2.6 (see [41, Lemma 2.7]) For any C € C™™ it holds

{RD|1ec(O)} C min 7z, max
2€6((C+C*)/2)  z€0((C+C*)/2)

As a preconditioner, the invertibility is essential.
Proposition 2.1 P is invertible for any a € (1, 2).

Proof By Lemma 2.1, it is easy to see that P + PT is positive definite and thus has positive
eigenvalues. From Lemma 2.6, we see that {{R(1)|1 € o(P)} C (0, +o0). Therefore, P is
invertible.

For any Hermitian matrices H,, H, € C"™", denote H, < H, or H, > H, if H, — H,
is Hermitian positive definite. Especially, we denote O < H, or H; > O, when H, itself
is Hermitian positive definite. Also, we use H, < H, or H, > H, to denote a Hermitian
positive semi-definite H, — H; and use O < H, or H, > O to denote a Hermitian positive
semi-definite H,.

Next, we are to estimate the condition number of the preconditioned matrix AP,

Proposition 2.2 For positive numbers &;, {; (1 < i < m), it obviously holds that

,=1 —

@ Springer



224 Communications on Applied Mathematics and Computation (2020) 2:215-239

Theorem 2.4 Assume
(1) forany x € (x;,xg), d(x) € [Kpin» Kmax | fOF poOSsitive constants k,;,, and k..,
(i) Kpax — Vg > 0, With v, = V2(Kpax — Kmin)/Sas
(ii1) d(x) is concave.
Then, forany N > 1, any M > 1, S2(APY) c [3, §] and thus
sup cond(AP™!) < 4/5/5,
N.M>1

where § and § are positive constants independent of T, h, and given by

2 2
v . Kmax ~ Vo Kmin ~ K+V, Khax
§=min¢ ——, — ,  §=max S (-
Kmax K hax Komin K hin

Proof By straightforward calculation:

ATA =1, —n(GID + DG,) + *GID*G,,
P'P =1, + ndG + n*d*G.G,.

By Theorem 2.3, we see that

O < Iy + (Kpay — VNG + k2, 1*G1G,

min
<ATA <1y + (Kpax + VG + K2 nZGaTGa.

max

(22)

For any non-zero vector y € R¥*!, denote z = P~'y. Then, it holds

Yy APHTAP Dy _ 2TATAz
yTy © PPz’

By (22),

2Ly + (Koo — VaIG + k2. 1*GTG, ]z

2"(Iy + ndG + *d*GIG )z
2TATAZ B 2 Ly + Koy + VG + K2 1*G1G, 1z

(23)

~ ZTPTPz — 27y, + ndG + n*d*GTG,)z

By Proposition 2.2 and (23),

2 2
v . Kmax ~ Vo Kmin 2TATAz K+V, Khax A
S=min<{ |, ——2% T2 L < <max<{ 1, —=, 2 % =3.
K K2 ZTPTPz Kmin K2

max max min

During the proof above, there is no constraint on M and N. Thus, forany N > 1, any M > 1,
X2(AP~Y) c [3,5]and sup cond(AP~') < 4/5/5.

N.M>1

Similar to proof of Theorem 2.4, one can prove the following theorem.

@ Springer



Communications on Applied Mathematics and Computation (2020) 2:215-239 225

Theorem 2.5 Assume

(1) forany x € (x;,xg), d(x) € [Kpin» Kmax | fOT poOSsitive constants k., and K.,
(i)  Kpin — Vo > 0, with v, = V2(Kinax — Kmin)/Sas
(ii1) d(x) is convex.

Then, forany N > 1, any M > 1, S2(APY) c [3, §] and thus

sup cond(AP™") < 4/5/5,
NMz1

where § and § are positive constants independent of T, h and given by

2 2
v . Kmin ~ Va  Kmin ~ Kmin T Vo Kmax
S=min{ ———, — ; S=max g ———, —— ».
Kmax Kmax Kinin Kmin

Remark 2.1 Theorems 2.4-2.5 show that cond(AP~!) has an upper bound independent of
7 and & under certain assumptions on the coefficient function d. Thus, the Krylov subspace
method for such preconditioned linear systems converges linearly and independently on the
discretization step-sizes.

3 Extension to 2-D OSFDE

In this section, we study the following 2-D OSFDE [39]. For ease of statement,
we set ul,o =0 in (24), although u(x, y, f) could be non-zero for r & (0,7] and

(., y) € ({xg} X s yr)) U ((xp, ) X {yr 1),

ou(x,y,t)

P d(x,y) . D%u(x,y,t) + e(x, y)yLDfu(x, v +f(xy,1),

XL X
x, e te 0,717, (24)
M(X, Y, t) = 0, (X,y) € 0 ~
u(x, y,0) = @(x, y), (x,y) € 2,

where a, f € (1,2), 2 = (x;,xg) X (1, Yr), 02 denotes the boundary of £2 and d(x, y),
e(x, y) are nonnegative functions, and XLD}‘: u(x,y,t) denotes the a-order RL derivative with
respect to the x direction defined as

X

1 0 u(é,y, 1)

Q2 -a)ox? [, (x—&! 4

o Dfulx, y, 1) =

},LD}”, u(x,y,t) can be defined in a similar way.
To state a finite-difference scheme for (24), we need more notations. Let = = T/N,
| = J;;_:t , = j\;_ﬁ, where M, M, and N are some positive integers. For
1 2
i=01,-- M +1,j=0,1,-,My+land n=0,1,--,N, denote x; = ih,, Y = jh,, and
1+, _ 5 .
t, = nt. Denote tn_% = T‘ for n=1,2,---,N. Let Q, = {(x,-,yj)lo <i<M;+1,

0<j<M,+1}, Q,=0,nQ, 02, =0, NndR. Furthermore, denote d;; = dx;, y)),

_1
e;; = e(x; ), f:] : = f(xi,yj, t,_ ! ), and @, ; = @(x;,y;), and let u:’] be the numerical approxi-
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mation of u(x;, Vjs t,). Then, in a similar way with the one-dimensional case, we can derive the
Crank—Nicolson scheme for the 2-D problem (24) as follows:

n u's l

u..
i (a) n
- ha uzwa< i—kt1 ”i—k+|,/>
! (25)

(B "_’
+meldzw ( ij— k+l lJ k+1>+f ’

1<i<M,, 1<j<M, 1<n<N,

1

AN— ..
where R; P <o(f? + hf + h%) for a positive constant c;.

Take
n = n n “ee n n cee n “ee n .. T
U= Uy oty g e Uy U st Uy st U gy ”Ml Mz]
n—L n-t p-l -t p-l n—1 n—1 =3 1T
AR AN AR ’fMl,i Fiate ’fMl,é’ ’fl,MZ’ ’fMIJZVIz]

= diag(d, |, d,;, ’dMl,l’dl,27 ’dM1,27 ’dMl,Mz)’

E =diag(e €51, €y, 15€100 7" 2 €y, 05" 5 Cpty ,)-

_l
Omitting the small term IAQ?[ % in (25), the finite-difference scheme in the matrix form for
(24) can be given as

ol—

1 n _ n—l L n—1 n n—
(" ~u ) = <2haD(®G)+2h E(Gﬂ®1)>( +u") + 172, 26)

2
1<n<N,

where / is the identity matrix, the symbol “®” denotes the Kronecker product, and G, has

the similar definition to G,,.

3.1 Stability and Convergence of the 2-D Problem

To discuss the stability and convergence of the scheme (26), we denote

1
208

A=

DU®G,) + ——EG, ®1I),
21

and introduce a set

= {X|X > O, —H(XA) > O, cond(X) < cforcindependentof r, h; and h,}.

Now, we present the stability of the scheme (26).

Theorem 3.1 For any Q € D, the finite-difference scheme (26) is unconditionally stable
and its solution satisfies the following estimate:

n2 2 k=112
< - =
lully < exp@Dll@lly + [exp(2T) — 1] max |If2 Iy, n=1.2,.N,
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wherel|| - || is defined as ||v||2Q 1= hvTQv.

Proof Multiplying h(u"~" + u")TQ on the both sides of (26), we get

%h(un—l + un)TQ(un _ un—l)

= h(u"_1 + u")TQA(u"_1 +u") + h(u”_l + u")TQf"_%.
Since H(QA) is negative semi-definite, we have
h(u”_l + u”)TQA(u”_1 + u") = h(u”_l + u”)T'I-[(QA)(u”_1 + u”) <0.
Then, it follows
R QU — h(u'™)T Qu'™" < Th(u")T Q"7 + Th(u"™ )T Q"=
The rest of the proof is similar to that in Theorem 2.1.

With Theorem 3.1, the convergence of the scheme (26) can be directly obtained:

Theorem 3.2 Let u(x;, y;, 1) be the exact solution of (24) and smooth enough, u, be the
solution of the finite-difference scheme (26). Denote e;.’/. = u(x;, ¥, 1,) — u;’i, 0<i<M +1,
0<j<M,+1,0<n<N.ForanyQ € D, there exists a positive constant c,, such that

lle"|| < c,(z* + hf + hg).

The remaining and important thing is to give the feature of the set . However, it seems
difficult to depict all the elements of D. In the following Corollaries 3.1 and 3.2, we show
that there are some matrices belong to D when the variable coefficients d(x, y), e(x, y) sat-
isfy some certain conditions, and this ensures that D is not an empty set which is necessary
for the stability and convergence. We discuss the existence of those matrices in two cases.

e Case 1 When d(x, y), e(x, y) are separable respect to x and y.

In this case, we denote d(x,y) = Zi(x)fi(y) and e(x, y) = é(x)e(y), and take

D = diag(d,,dy, - ,dy,), D = (d,,dy, -+ ,dy,),

E = diag(2,. 2y, .8y ). E=(2.85. .8y
Then,D=D®D,E=EQFE.
Corollary 3.1 If d_ < d(x) < Ei+ and e_ < &(y) < e, for some positive constants Zi_,lr, e_
and e, then El@DleD.

- L Hhed 1 (E £

Proof We have A = T (D®DG,) + T (EG; ® E), then

Al o =lya) _ L a1 T 1 T o Fy=1 7
H(E' @D )A)—4h7(E D®(Ga+Ga))+4hg<(Gﬂ+Gﬁ)®D E).

which is negative semi-definite. Thus £~! @ D! € D.
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e (Case 2 When d(x, y) and e(x, y) are non-separable.

As in Lemma 2.4, we denote

s Rl=gB0] _ <ﬂ >
¢p = min ————— = |cos | =7
© 1Bl 2

3

where g(f, x) is the generating function of the matrix G,.

Corollary 3.2

(i)  Assume that

0< Kim(y) <d(x,y) < Kiax(y) < oo forevery (x,Yy),

0 <k;, () <e(x,y) < k() < oo forevery (x,y).

max

Then, I € D if the following conditions are fulfilled:

2(x4 — x4
Kd(y) _ \/_(Kmax();) Kmln(y)) Z Ofor every y’ (27)

2(k¢ () - K°.
Ke(x) — \/—(Kmax('z) Kmm(X)) > Oforeveryx, (28)
B

where k%(y) = K ) when d(x, y) is a concave function of x, ki(y) = Kmm(y) when
d(x, y) is a convex functlon of x, k¢(x) = ki, (x) when e(x, y) is a concave function of y,

K¢(x) = k7. (x) when e(x, y) is a convex function of y.

(i1) Assume that

e(x, y)
d( ) - max

OSKmm()_ (x)<oo with 0 <d(x,y) < 0.

Then, D~! € D if the following condition is fulfilled:

2(xk¢ () =Kk
Ke’(x) _ \/_(Kmax();) Kmm(x)) > 0’
B

) is a concave function of y, and k¢ (x) = k. (x) when <22

x) when <& o in 2ry)

where k¢ (x) = k¢
max

is a convex function of y.

(i) Assume that

dgx y; <k’ () <oo with 0<e(xy) <.

Then, E=' € D if the following condition is fulfilled:

0 < K, (00 <
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\/E(K;Iw/dx(y) B K::in(y))
Sa

20,

k! (y) -

d' (v} = ' oy 5 ; d () = xd' dw.y)
where k (y) = kg (v) when oy S @ concave JSunction of x, and k“ (y) = k¢ (v) when g

is a convex function of x.

Proof We first prove (i). Denote
K = diag (k). K/ (), -+ K (ny)) . K€ = diag (K°(x)), k°(xy), -+ k().

Take D=D-K*®1Iand E = E — I ® K°. Then,

1 ~ 1 ~
A= o [(K*® G,) + DU ®G,)| + 7 [(G, ® K)+ EG,®1).
Forany w = [u; 1,1ty 1, =, Uy 15Uy 05+ s Upg 05 o> Uy gy o s Upg, 175 We have

2u"H(A)u =2—}11a [W'(K’® (G, + GH)u+u" (DU G,) + (U ®G.)D)ul

+ ﬁ [uT<(Gﬂ + G;) ® Kc’)u + uT<E(G,3 QI+ (G; ® 1)[5)“}

Referring to the proof of Theorem 2.3, it is easy to obtain

[u" (DU ® G+ ® GHD)| S_g_\/zuT

V2

s_g—uT((Gﬂ +GD®K, Ju,

(K, ® (G, +G)))u,

o"(EGy ® D + (G} ® DE Ju

B
where
Kd = diag(’(riax(yl) - Kglin(yl)’ Kr‘flax(y2) - K-rar]lin(y2)’ T K:lax(yMg) - Kr{lin(yMz))’
Kﬂ = diag(’(:nax(xl) - K:nin(xl)’ K;ax(xz) - K:nin(xz)’ T Krilax(le) - K;in(an )) :
Therefore,

—2u"H(A)u >LuT(<Kd - \g/EK) ® (-G, — G:))u

= e :
1 T T e \/z
+ Wll <(_Gﬂ — Gﬂ) 12 (K — EK’H u,

which implies that H(A) is negative semi-definite if the conditions in (27)-(28) hold.
Hence, I € D.
Similarly, one can show (ii) and (iii).

@ Springer



230 Communications on Applied Mathematics and Computation (2020) 2:215-239

3.2 The Two-Dimensional Toeplitz Preconditioner

In this subsection, we extend the Toeplitz preconditioner to the 2-D case. To solve (26), it
is equivalent to solve the following N linear systems:

Au"=b", n=12,-,N, 29
where [, denotes the kXk identity, A =Iy+ DB, +EB, B,=-n(ly, ®G,),
B, = —n,(G; ®Iy,), M=MM,, n = t/2hD), n, = r/(Zhg), b" = (I — DB, — EB))
!+ of "3, Our two-level Toeplitz preconditioner for preconditioning (29) is defined as
follows:

P=1I;,+dB +eB, (30)

where d = mean(D), ¢ = mean(E). The preconditioned Krylov subspace method with the
preconditioner P is employed to solve the linear systems in (29). Hence, in each iteration, it
requires to compute some matrix—vector multiplications like P~z for some randomly given
z, i.e., it requires to solve the linear system of the form:

Px =1z. (€28

Next, we introduce a multigrid method to solve (31).

For the choices of coarse-gird matrices, interpolation, and restriction, we refer to the
geometric grid coarsening, piecewise linear interpolation, and its transpose. For the choice
of pre-smoothing iteration, we refer to the block Jacobi iteration, that is

X =x" 4+ T (2 - Px"), (32)

where T, = I;; + dB, is the block diagonal part of P, and x* is an initial guess of x in (31).
Since T, is a block diagonal matrix with identical Toeplitz blocks, its inversion, T;l can
be computed efficiently with the help of Gohberg—Semencul-type formula as discussed in
Sect. 2. For the choice of post-smoother, we refer to the block Jacobi iteration for the per-
muted linear system, that is

x = xk 4 Ty‘l(z — Pxb), (33)

where T, = I; + eB,, x* is an initial guess of x in (31). One can easily find a x-y ordering
permutation matrix Q, such that

T, =Q"Uy - endy ® Gy)Q. (34)

Thus, T;l = QT - endy, ® G,»)~'Q, which means that the implementation of (33) still
requires to compute an inversion of a block diagonal matrix with identical Toeplitz blocks.
Therefore, (33) can still be fast implemented using the Gohberg—Semencul-type formula.
Similar to proof of Proposition 2.1, one can prove the following proposition.

Proposition 3.1 P defined in (30) is invertible for any a € (1, 2).

Theorem 3.3 Let d(x,y) = vja(x,y) and e(x,y) = v,a(x,y) for any (x,y) € £ with nonnega-
tive constants v, and v,. Assume
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(1) a(x,y) € la,a]lwitha > 0 for any (x,y) € £2;

(i1) for any x € (x;,xg), a(x,-) is convex or concave on y € (y,yr); and for any
Yy € (V. Yr), a(-,y) is convex or concave on x € (x;,,xg);

Gii) & = inf 18,0) = V20,00 = Mi00)/¢,) > O with S,0) =2 sup axy)

YEOL-IR XE(X; Xg
and M;(y) =: inf a(x,y),
XE(xXR)
Ml(y) if a(-,y) is convex,

M, (y) = { Ml(y) if a(-,y) is concave,

&= _inf [My() = V2(M,(0) — My(0)/c5] > 0 with My(x) =2 sup a(x.y)
XE(XXR) YEOL-YR)

and M,(x) =: inf a(x,y),
2(X) o) (x,y)

Mz(x) if a(x, -) is convex,
Mz(x) if a(x, -) is concave.

/\N/lz(x) = {
Then, for any positive integers, N, M, and M,, it holds 22(AP~Y) C [, 3] and thus

sup cond(AP™!) < +/5/5,

M, .M, N>1

where 3, § are positive constants independent of T, h, and h,,

P ¢ & i? “_

§=ming —, —, — ¢, § = Mmax
a a’a

V2

Ca

a.3|:a.5

2
[EvaE)
a

| >

3

¢, = sup [M1()’)+

YEQOL-YR)

*,0) - M(y))],
. - V2 o .
&= sup  [My(x) + —(M,x) — My@)|.
XE(X XR) gﬂ
Proof Denote
Da — diag(al’la a271’ e, aM],l s al’z, a2’2’ e aM]’2! e, al,Mz’ a2,M29 e aMl’Mz)
with a;; = a(x;,y;). Also, denote a = mean(D,). By straightforward calculation,

A"A = Iy +v(B{D, + D,B,) + v,(B]D, + D,B,) + W'D, W, (35)

P'P =1 +vaB! +B,) + vza(ByT +B)+aW'W, (36)
where W =v,B,+v,B,. Rewrite D, =diag(D,,D,p,-,D,y,) Wwith D,; = diag
(@;,a; -+ sy ). Then, it is easy to see that B[D,+D,B, = diag(Hy,H,, -, Hy)
with H, = —n,(D,,G, + G'D, ). Denote I,(y) = M,(y) — V2(M,() = M,())/¢, and

ai~a a

5,0) =M, () + \/E(Ml(y) — M,(»)/¢, - Then, applying Theorem 2.3 to (i)iii), we
have

—&n(G, +Gh) = L,yn,G < H; < 5,0, G < —&,1,(G, + GL).
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Therefore,
37

O <¢(B'+B)<B'D,+D,B, <¢ (B! +B)),

where the first “<” is obvious. Recall the permutation matrix defined in (34).
B, :=QBQ" =1, ®Gy, D, = diag(D,1, D5, Dy p,) with
,a; Mz)' Then, it is easy to check that

B{D,+D,B, = Q"(B/D, + D,B)Q.

Denote
D,; = diag(a;;,a;,, -

Similarly to proof of (37), applying Theorem 2.3 to (i), (ii), and (iii) yields
B, <&,Q"(B] +B,)Q

O < &(B] +B,) =&,Q"(B] +B)Q < BD, + D,B, < a5
= ,(B; +B,).
Moreover, it is easy to see that
aZWW < WIDXW < a*WTw. (39)
By (37)~(39),
O <Ly +vi&(By +B) + v,&(B] + B) + &W'W
<ATA (40)
< Iy + 8B} + B,) + v,¢&,(B] +B)) + &’ W'W.
For any non-zero vector y € R¥X!, denote z = P~'y. Then, it holds
Y (AP HTAP )y  TATAz
yTy ZTPTPz '
By (40),
gy + & (B] + B, + vy&5(B] + B) + & WWlz
'y +viaBt + B,) + vza(BJ +B)) +a*WTW]z
TATA
<io 22 @1)
ZTPTP;

2Ly +vi8y(B] + B,) + v,&5(B] + B)) + @ WTW]z

Ml +via(Bf + B,) +v,a(B} + B,) + @WTWlz -

}SS‘.

During the proof above, there is no constraint on M and N. Thus, forany N > 1, any M > 1,

By Proposition 2.2 and (41),

s

Q||_>
Q||N’
QIlQ)
S} S}

} l

TAT
Z'AYAzZ
} < g <mon{

Q| ¢
SRS
QIlQ(
3% (8]

ESmin{

32(AP7!) C [3,5]and sup cond(AP') < 4/3/5.
N M1
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4 Numerical Experiments

In this section, we test several examples to support theoretical results of Theorems 2.2,
3.2, and to show the efficiency of the Toeplitz preconditioner. We compare the proposed
Toeplitz preconditioner with circulant preconditioners (two-level circulant preconditioner
in the 2-D case) proposed in [16] and [14] and the Laplacian preconditioners proposed in
[6, 26]. For fairness, the 2-D Laplacian preconditioner is implemented by the same multi-
grid method as the one used for the implementation of the proposed 2-D Toeplitz precon-
ditioner. We use C and L to denote the circulant preconditioner and Laplacian precondi-
tioner, respectively. The preconditioned generalized minimal residual (PGMRES) method
is employed to solve various preconditioned systems of (7) and (26). We denote the PGM-
RES method with the Toeplitz preconditioner, the Circulant preconditioner and the Lapla-
cian preconditioner by PGMRES-T, PGMRES-C, and PGMRES-L, respectively. We note
that these preconditioners are all used as right preconditioners in the implementation. The
GMRES method employed in this paper is an un-restarted version with a maximal iteration
number, 200.

The stopping criterion for PGMRES is set as -2 lrelly <1E-7, where r, denotes the resid-

lroll
ual vector at the kth iteration. All numerical experiments are performed via MATLAB

R2018a on a PC with system information: Ubuntu 18.04.1 LTS 64-bit and configuration:
Intel(R) Core(TM) i15-7 500 T CPU 2.70 GHzx4 15.6 GB RAM.

Recall that £ is the spatial step-size for the one-dimensional discretization. We also set
h, = h, = hin the 2-D discretization for the related experiments in this section. Define the
error as

E(h,7) = max ||€"].
0<n<N

Denote by CPU, the running time by unit seconds. Denote by “iter”, the average of itera-
tion numbers of the PGMRES method for the N linear systems in (7) or (26).

Example 4.1 Consider a one-dimensional OSFDE with [x;,xg] = [0,1], 7 = 1, and

< 3 > klxk—o

D-1rke+1-a)

d(x) = cos(zx/2) + 0.1,

1) =192 (1 — x)° = 2°d
fle 1) =1923(1 = )’ r(x)Z(

The explicit expression of the exact solution for the example is u(x, £) = 26x3(1 — x)*£.

To show the convergence order of the proposed scheme on Example 4.1, we plot the
values of In(E(h, 7)) with different & and fixed 7 in Fig. 1. As illustrated in Fig. 1, the values
of In(E(h, 7)) are distributed like a straight line with slope “2”, which demonstrates the
second-order accuracy in space of the proposed scheme.

We test the three preconditioners on Example 4.1, the results of which are listed in
Table 1. Overall, the choices of N, N = 1 typically maximize the condition number of the
unpreconditioned matrix, which is difficult to fast solve. Hence, reporting the results of the
three preconditioners in the case of N = 1is convincing and representative for testing their
performance, which is why we fix N = 1 in Table 1. Since E(h, 7) of the three solvers are
almost the same, the results of E(h, ) are skipped in Table 1. From Table 1, we see that
the iteration numbers of PGMRES-T and PGMRES-C are stable with respect to M while
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-8
9F 4
* =12
O a=15
a=1.8
-10 - In(E(h, 7))=2*(In(h)) 1

In(E(h,7))

M2+ i

13 b

14 . . . .

-6.5 -6 -5.5 -5 -4.5 -4
In(h)

Fig.1 In(E(h, 7)) when 7 = 27!
Table 1 Performance of three « M PGMRES-T PGMRES-L PGMRES-C
preconditioners on Example 4.1
with N =1 iter ~ CPU/s iter CPU/s iter CPUJs

1.5 20 23 0.03 72 0.03 25 0.01
210 23 0.05 87 0.06 25 0.02
2! 23 0.09 105 0.09 25 0.04
1.6 20 23 0.02 49 0.02 25 0.01
210 23 0.05 57 0.04 25 0.02

211 23 0.09 67 0.06 25 0.04
1.7 20 23 0.02 33 0.01 25 0.01
210 23 0.04 37 0.02 25 0.02
211 23 0.09 42 0.04 25 0.04
1.8 29 23 0.02 21 0.01 25 0.01
210 23 0.04 23 0.01 25 0.02
21 23 0.09 25 0.02 25 0.04

1.9 29 23 0.02 12 0.01 24 0.01
210 23 0.04 13 0.01 25 0.02
21 23 0.09 14 0.01 25 0.04

the iteration numbers of PGMRES-L keep increasing as M increases. However, since the
problem in Example 4.1 has only one-spatial dimension and the matrix size is not large, the
three solvers are all efficient in terms of computational time in regardless of the difference
in iteration numbers.
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Example 4.2 Consider a 2-D OSFDE with [x, , xg] = [y, yg] = [0,2], T = 1, and

e I BT
dx,y) =x"+y~+20, e(x,y)=sin 24(x+ )| + sin 24(y+ R

4 - —a
(k_4)28 Fkixk

(—D}Ck+ 1 — o)

8
fy,n =3¢ -0h* Q2 - i - Ayt - i) ),
k=4

4 8k, 1 k=B
<k—4>2 kly

Dk +1-p)

8
— 232 = x)te(x, y) Z
k=4

The explicit expression of the exact solution for the example is u(x, y, £) = x*(2 — x)*y*(2 — y)*£.

To show the convergence order of the proposed scheme on Example 4.2, we plot the
values of In(E(h, 7)) with different 4 and fixed 7 in Fig. 2. As illustrated in Fig. 2, the values
of In(E(h, 7)) are distributed like a straight line with slope “2”, which demonstrates the
second-order accuracy in space of the proposed scheme in the 2-D case.

We test the three preconditioners on Example 4.2, the results of which are listed in
Table 2. Again, we fix N = 1 in Table 2. Since E(h, ) of the three solvers are almost the
same, the results of E(h, ) are skipped in Table 2. Table 2 shows that the iteration numbers
of PGMRES-T are more stable with respect to variation of (, #) and M than that of PGM-
RES-L and PGMRES-C. Moreover, since PGMRES-T has smaller iteration numbers on
Example 4.2 than those of PGMRES-L and PGMRES-C, PGMRES-T solver requires less
computation time. Hence, Table 2 demonstrates that the proposed Toeplitz preconditioner
outperforms the other two preconditioners for Example 4.2.

The convexity/concavity assumption presented in (ii) of Theorem 3.3 implies that
the diffusion coefficients d and e are continuous functions. However, this is only for

-4
o)
*  (a,0)=(1.1,1.9) ,
ST O (a,B)=(15,15) > 1
(o )=(1.8,1.9) '
In(E(h, 7))=2*(In(h))
6 4
T
< [ 4
g -7
=
8 4
9F 4
-10 1 1 1 1
5 45 4 3.5 3 25

Fig.2 In(E(h, 7)) whent =277
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Table 2 Performance of three

. (a,p) M  PGMRES-T PGMRES-L PGMRES-C
preconditioners on Example 4.2
with N =1 iter CPU/s iter CPU/s iter CPU/s
(1.6,1.9) 2° 12 2.01 35 5.00 47 2.73

2000 12 847 37 2477 57 3125
21 13 47.02 38 11555 71 17119
(18,19 20 14 232 26 351 43 410
200 15 1071 28 1774 52 2116
216 5826 30  87.07 64 186.62
(19,19 29 15 246 28 3.82 40 315
2000 16 1137 30  19.13 46 24.66
2 17 6195 32 92.89 54 121.69
(1818 20 15 247 28 372 39 467
200 16 1137 30 19.11 4 1706
216 5817 32 9276 51 87.10
(1616) 2° 16 261 41 588 36 201
2000 16 1135 43 2996 40 1220
21 17 6191 46 14858 44 70.12

theoretical consideration. Actually, the proposed Toeplitz preconditioner also works for
the OSFDE with discontinuous coefficients. To demonstrate this, we test the three solv-
ers PGMRES-L and PGMRES-C, PGMRES-T on Example 4.3.

Example 4.3 Consider a 2-D OSFDE with [x; ,xg] = [y, yx] =[0,2],T = 1, and

(11, x>, (11, oy<l,
dix,y) = { 1, otherwise, e(x.y) = { 1, otherwise,

4 — —a
(k_4)28 Ktk

(~DCGk+ 1 — @)

8
feoy.n =3 Q- 0h Q- ' - Ay @ —yidiy) ),
k=4

4 8~k 1\ k=P

_ B340 _ 4
X2 —x) E(X,y); (-DCk+1-p)

The explicit expression of the exact solution for the example is u(x,y,?) = x*(2 — x)*y*
2 -yt

We solve the three preconditioners on Example 4.3, the results of which are listed in
Table 3. Since E(h, 7) of the three solvers are almost the same, the results of E(h, ) are
skipped in Table 2. Note that the coefficients d and e are both discontinuous. From Table 3,
we see that the iteration numbers of PGMRES-T are stable with respect to changes of M,
which demonstrates the robustness of the proposed Toeplitz preconditioner even for the
case of discontinuous coefficients. Table 3 also shows that PGMRES-T is the most efficient
one among the three solvers in terms of CPU measure for sufficiently large M.
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Table 3 Performance of three

preconditioners on Example 4.3 (@) M PGMRES-T PGMRES-L PGMRES-C
with N =1 iter CPU/s iter CPU/s  iter CPU/s
(1.6,1.9) 2° 16 2.70 41 6.56 51 2.44

21016 10.57 45 30.52 66 15.35
2117 49.00 48 136.86 87 105.97
(1.6,1.8) 2° 14 2.28 36 5.35 40 1.79
21015 9.77 39 25.40 50 10.30
2l 15 42.79 42 114.21 62 64.95
(1.6,1.7) 2° 12 1.95 31 4.48 31 1.36
21012 7.83 33 20.78 36 6.76
21113 36.93 35 91.17 42 38.37
(1.7,1.8)  2° 11 1.80 29 4.12 33 1.46
21011 7.15 31 19.20 39 7.47
21112 34.19 33 84.70 46 43.77
(1.8,1.9) 2° 11 1.78 29 4.15 34 1.63
210011 7.13 31 19.23 41 8.26
21112 34.20 33 84.91 49 48.47

5 Concluding Remarks

We study the second-order schemes for time-dependent 1-D and 2-D OSFDEs with vari-
able diffusion coefficients, in which the implicit Crank—Nicolson scheme and WSGD for-
mula are employed to discretize the temporal and the spatial derivatives, respectively. The-
oretically, we have established the unconditional stability and second-order convergence
for the one-dimensional scheme without additional assumption, and for the two-dimen-
sional scheme with certain assumptions on diffusion coefficients presented in Corollaries
3.1-3.2. To accelerate the solution process, Toeplitz preconditioners have been proposed
for both one- and two-dimensional schemes. The condition numbers of the preconditioned
matrices have been proven to be bounded by a constant independent of discretization step-
sizes under certain assumptions on the diffusion coefficients presented in Theorems 2.4,
2.5, and 3.3. Numerical results reported have shown the second-order convergence rate of
the proposed schemes and the efficiency of the proposed preconditioners.

Acknowledgements The authors would like to thank the editor and referees for valuable comments and sug-
gestions, which helped to improve the quality of the manuscript.
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